Beyond Bird’s Nested Arrays V

How about extending even beyond my Hierarchical Hyper-Nested Array Notation, which has a limit
ordinal of 8(Q,,)? Let me introduce to you an all-new 1-hyperseparator symbol — the black circle (e).
Since the new symbol is a 1-hyperseparator (like the forward slash), it requires a minimum of one pair
of square brackets around it, so the smallest separator containing e is the [1 e 2] separator.

The 6(Q,) level separator
{a,b[1e2]2}={a<0 e 2 b}
={ad<dbc...<bb/ybb>..>b b b}
(with b pairs of angle brackets).
This is equivalent to
{a,b [1[1[...[2[1/1,2]2]...]12] 2] 2} (with b pairs of square brackets),
where the separator has level 8(£(Qp1+w)) = 6(6p-1(1, w)) (b = 2).

Using the collapsing theta function (in single-argument form when the second argument is zero) for
expressing ordinals beyond the epsilon numbers, | find that the more significant separators have
ordinal levels as follows:-

[1 e 2] has level 8(Q),

[2 @ 2] has level 8(Q)+1,

[1[1/2] 2 e 2] has level 6(Qy)+eo,

[L[1 @ 2] 2 @ 2] has level 6(Q)2,

[L1[1[1e2]2e2]2e2] has level 8(Qu,)"8(Qu),

[1/2 e 2] has level €(B(Qy)+1) =8(1, 6(Qy)+1),

[L[1/2/,2]2 e 2] has level T(B(Qy)+1) =6(Q, 6(Qy)+1),

[L[1[1/,21/32] 2] 2 @ 2] has level 6(61(Q2), 6(Q)+1),

[L[1[1[1/32/42]2]2] 2 e 2] has level 8(61(Q3), 6(Qu)+1) = 68(81(82(Q3)), B(Qyw)+1),

[1 @ 3] has level 8(81(Quw), 1)

(limit ordinal of 6(a, 8(Qy)+1) = 6(a, 8(61(Qy), 0)+1) as a — 81(Qy)),

[1 e 4] has level 8(8.(Qy), 2),

[Le1[1/2]2] has level B8(81(Qy), €0),

[1e1[1e2]2] haslevel 8(8:(Q), 6(Qy)),

[Lel[1e1[1e2]2]2] haslevel 8(6:(Q), 8(81(Quw), 8(Qw))),

[1e1/2] haslevel 8(8:(Qq)+1),

[1Le1[2/,2] 2] has level 8(81(Qy)+w),

[Le1[1/2/,2]2] haslevel 8(8:(Q,)+Q),

[Lel1[1[1/,2/32]2]2] has level 6(81(Q)+61(Q2)),

[Lel1[1[1[1/32/42]2]2]2] has level 8(61(Q,)+61(Q3)),

[1e1e2] haslevel 8(8:(Q)2),

[Le1le1e?2] haslevel 8(6:(Q)3),

[Lelele..e1e?2] (withn e symbols) has level 8(0:(Qu)n).

With k e symbols (k = 1) and # representing the remainder of the array,
{a,b[lelele..elec#]2}={a<c0elele.elec#)b}
={a«SeSe..eSeTec1l#)b}
where S=b/b/b/.../b (with b b’s, explained on page 6),
T=bddc.bdbibb . .. >bbb (with b-1 pairs of angle brackets).



Introducing a new family of n-hyperseparator e, symbols, with e =[1 e, 2] and the corresponding
n-hyperseparator symbol e, = [1 e,,; 2] in a similar mannerto/=[1/, 2] and /, = [1 /n+1 2] in Beyond
Bird’s Nested Arrays lll, | find that

[1[2 e, 2] 2] has level 8(8:(Q)w),

[L[1[1 e2]2e;2]2] has level 8(81(Q4)0(Qy)),

[L[1[1[2[1e2]2e,2]2]2e;2]2] has level 8(81(Qw)0(01(Q4)0(Qy))),

[1[1/2 e, 2] 2] has level 6(81(Qw)Q),

[L[1/1/2 e,2] 2] haslevel 8(6:(Qu)(Q*Q)),

[L[1[1/2/,2]2 e;2]2] has level 8(81(Q,)(Q"Q"Q)),

[L[1[1/,3]2 e, 2] 2] has level 8(81(Qy)eq+1),

[L[1[1[1/22/32]2]2 e;2] 2] has level 6(81(Qy)01(Q2)),

[L[1[1[1[1/32/42]2]2]2 ;2] 2] has level 6(81(Q)01(Q3)),

[L[1 ®2e;2]2] has level 8(81(Quw)"2),

[1[1e1e2e6,2]2] has level 8(81(Qy)"01(Qu)),

[1[1[1e2e,2]28,2]2] haslevel 8(6:1(Q,)"01(Qw)"01(Qu)),

[1[1/,2 e, 2] 2] has level 8(g(01(Q)+1)),

[L[1[1/2/32]2 e;2]2] has level 8(01(Q, 81(Qy)+1)),

[L[1[1/,2/32]2 e,2]2] has level 9(91(02, el(Qw)+l)),

[L[1[1[1/32/42]2]2 e, 2] 2] has level 8(81(62(Q3), 01(Qu)+1)),

[L[1[1[1[1/42/52]2]2]2 e, 2] 2] has level 8(B81(02(Q4), 61(Quw)+1)),

[1[1 e, 3] 2] has level 8(82(Qy), 1) = 8(81(82(Qy), 1))

(61(02(Qy), 1) is the limit of B1(a, 01(02(Quw))+1) as a — 62(Qyw)),

[1[1e,1/2]2] has level 8(82(Qu), Q),

[1[1 0,1 e2]2] has level 8(8,(Qy), 81(Qy)),

[1[1e,1/,2]2] haslevel 6(82(Q)+1),

[1[1e,1[1/2/32]2]2] has level 8(82(Qy,)+Q),

[1[1e,1[1/,2/32]2]2] has level 8(82(Qy)+Q5),

[L[1e,1[1[1/32/42]2]2]2] has level 8(02(Q.)+62(Q3)),

[L[1 o2 1 e,2] 2] has level 8(82(Q)2),

[1[1[2 e32] 2] 2] has level B(62(Q)w),

[L[1[1/2 e32]2]2] has level 6(82(Q4)Q),

[L[1[1 2 e32]2]2] has level 8(82(Qw)01(Qy)),

[L[1[1/;2 e32]2]2] has level 8(82(Q4)Q2),

[L[1[1 22 @32] 2] 2] has level 8(82(Qy)"2),

[L[1[1 82,1 0,2 e32]2]2] has level 8(02(Qy)"02(Qy)),

[L[1[1[1 e,2 032]2 e32] 2] 2] has level 8(02(Qu)"02(Q,)"02(Quw)),

[1[1[1/32 e32]2]2] has level B(g(82(Q)+1)),

[L[1[1[27/2/42]2 ®32]2] 2] has level 6(62(Q, 62(Qy)+1)),

[L[1[1[1/,2142]2 e32] 2] 2] has level B(0,(Q2, 82(Qy)+1)),

[L[1[1[1/32/42]2 e32] 2] 2] has level B(62(Q3, 82(Qy)+1)),

[L[1[1[1[1/42/52]2]2 e32] 2] 2] has level 8(02(03(Q4), 82(Qu)+1)),

[1[1[1 33]2]2] haslevel 8(63(Q), 1) =0(02(63(Q,), 1))

(62(03(Qy), 1) is the limit of B5(a, 02(03(Qy))+1) as a — 63(Qy)),

[L[1[1 e31/2]2]2] has level 8(83(Qy), Q),

[L[1[1e31/,2]2]2] has level 8(85(Q), Q),

[L[1[1 e31/32]2]2] has level 6(635(Q,)+1),

[1[1[1 31 e32]2]2] has level 8(83(Qy)2),

[1[1[1[2 e42]2]2]2] has level 8(83(Qu)w),

[L[1[1[1 32 e,42]2]2]2] has level 6(83(Qu)"2),



[L[1[1[L/s2 042]2]2]2] has level 8(e(83(Qu)+1)),
[L[1[1[1 e43]2]2] 2] has level 8(84Qy), 1),
[L[L[1[1[1 es3]2]2]2]2] has level 8(8s(Qy), 1),
[L[1[1[L[1[1 6 3]2]2]2]2]2] has level 8(8s(Qu), 1).

The limit ordinal of 8(8n(Qy), 1) as N — w is 8(Qu, 1).

At this stage, | need new symbols that come next in the sequence after / and e. | now take /[1 ] to be
/n and /[2 ;] to be e, — these are followed by /[3 ], /[4 1], /[5 n] etc. Whenn =1, /[1]is/and /[2] is e.)
In general, when X is an array, the n-hyperseparator /[X ] = [1 /[X n+1] 2]. The subscript is omitted
when it is 1, since this is the lowest value. | obtain the following separators:

[1/[3] 2] has level 6(Q, 1),

[1/[4] 2] has level 8(Qy, 2) (achieved by replacing e, and 6,(Q) in the previous

paragraph by /[3 ] and 6,(Qy, 1) respectively),

[1/[1, 2] 2] has level 8(Q, w),

[1/[1, 1, 2] 2] has level B8(Q, w"2),

[1/[1[2] 2] 2] has level 8(Q, w w),

[L/[1[1/2]2]2] has level 8(Qy, o),

[L/[1[1 e2]2]2] has level 8(Q, 6(Qu)),

[L/[1[1/[2[1 e2]2]2]2]2] has level 6(Qy, 6(Qu, 6(Qw))),

[L/[172] 2] has level 6(Q,, Q),

[1/[173] 2] has level 6(Q, Q2),

[L/[1/1/2]2] has level 6(Q, Q*2),

[L/[1[2/22] 2] 2] has level 8(Qy, Q w),

[L/1[1/2/,2]2] 2] has level 8(Q,, Q"Q),

[L/[1[1/;3]2] 2] haslevel B8(Qy, €a+1) = 8(Qu, 81(1)),

[L/1[1/21/,2]2] 2] has level 8(Qy, Ca+r1) = 6(Qy, 81(2)),

[L/1[1[2/32]2]2]2] has level 8(Q, 01(w)),

[L/[1[1[1/2/32]2]2]2] has level 8(Q,, 6:1(Q)),

[L/1[1[2/22/32]2]2] 2] has level 6(Q,, 81(Q2)),

[L/1[1[2[1/32142]2]2]2] 2] haslevel 6(Q, 81(Q3)),

[1/[1 @ 2] 2] has level 8(Qu, 61(Qy)),

[L/[1[1 e2e;2]2]2] has level 8(Qy, 01(Qy)"*01(Quw)),

[L/[1[1/;2 e;2]2] 2] has level 8(Qu, £(01(Qy)+1)) = 6(Qy, 81(1, 81(Qw)+1)),

[L/[1]1 e23]2] 2] has level B(Q, 61(62(Qu), 1)),

[L/[1[1]1 e33]2]2]2] has level 8(Qy, 81(63(Qy), 1)),

[L/1[1]1[1 ®43]2]2]2]2] has level B(Qy, 81(64(Qy), 1)),

[1/[1/[3] 2] 2] has level 6(Q, 81(Qy, 1)),

[L/11/[172]2] 2] has level 6(Q, 81(Qy, Q)),

[L/[1/[1 e 2] 2] 2] has level 8(Qu, 01(Qy, 81(Quw))),

[L/[1/[1/[1 2] 2] 2] 2] has level 6(Qy, 081(Qy, 01(Qy, 61(Qy))))-
The limit ordinal of the /[ ] bracket notation is 8(Q,, Q).

[1/[1/,2] 2] has level 8(Qu, Qy),
[1/[1/,3] 2] has level 8(Qu, Q52),

[1/[1/,1/,2] 2] has level 8(Qu, Q2),
[L/[1[1/,2/52]2] 2] has level 8(Qy, Q:"Qy),
[1/[1[1/53]2] 2] has level 8(Qq, £(Qz+1)) = 8(Qu, 82(1)),
[L/L[1[1/32/42]2]2]2] has level 8(Qu, 62(Qs)),

[1/[1 e, 2] 2] has level 8(Qu, 82(Qu)),



[1/[1/[3 2] 2] 2] has level B8(Q, 82(Qu, 1)),

[1/[1/[1 832 5] 2] 2] has level 8(Qy, 82(Qu, 82(Q4))),

[L/[1/[1/]1e,2,]2,]2]2] haslevel 8(Qu, 82(Qu, 82(Qu, 82(Quw)))).
The limit ordinal of the /[ ,] bracket notation is 6(Q,, Q3).

[1/[1/[1/52 5] 2] 2] has level 8(Qy, Qs),
[1/[1 @52 /[1/325]2]2] has level 8(Qu, Qs + 62(Qu)),
[1/[1/[1 032 ,] 2 /[1 /52 5] 2] 2] has level 8(Qu, Qs + 8,(Qu, 82(Qu))).
[1/[1/[1/[1 032 5] 2] 2/[1 /52 ,] 2] 2] has level 8(Qu, Qs + 82(Qu, 82(Qu, 02(Q))),
[1/[1/[1/32 5]3]2] has level 8(Qu, Qs + 62(Qu, Q3)),
[1/1/[1/52 5] 1/[1/52,]2]2] has level 8(Qu, Qs + 8,(Qu, Q)"2),
[1/[1[2/[1/52 4] 2] 2] 2] has level 8(Qu, Qs + 8,(Qu, Q3)'w),
[L/[1[1/2/[1/s25]2]2]2] haslevel 8(Qu, Qs+ 85(Qu, Q3)'Q),
[L/[1[L /2 /[1/52 3] 2]2] 2] has level B(Qu, Qs + 62(Qu, Qs)"Qy),
[L/[1[1 052 /[L/s2 3] 2]2]2] has level 8(Qu, Qs + 85(Qus Q3)02(Qu)),
[L/[1[1/[1 032,52 /[L/525]2]2]2] has level 8(Qu, Qs+ 85(Qu, Q5)"02(Qu, B2(Qu))),
/L1 /1 /11 0,252 2/[1)s24]2]2]2] has level

0(Qu, Qs + 02(Qu, Q3)"02(Quy, B2(Quy, B2(Qu)))),
[L/L[L/[L/s2 52 /1152 34]2]2]2] has level B(Qu, Qs + 82(Qu, Q3)85(Qu, Q3)),
[/ [L/1/52,5]1/[1/522]2 /11523 2]2]2] has level 8(Qy, Qs + 62(Qu, Q3)™M3),
L[/ /525]2/[1 /524 2] 2/[1/52 5] 2] 2] 2] has level 8(Qy, Qs + 85(Qu, Q)™4),
[L/[1[L/s2/[L/52 5] 2] 2] 2] has level 8(Qu, Qs+ £(62(Qu, Q3)+1),
[L/L[L[1/52/s2]2/[1/5235]2]2] 2] has level 8(Qu, Qs + 62(Qs, 85(Qu, Q3)+1)),
[L/L[L[L[1/a2/52]2]2/[1/525]2]2]2] has level 8(Qu, Qs + B2(B5(Qu), B2(Qu, Q)+1)),
[1/[1[1 o352 /[1/52 3] 2]2] 2] has level 8(Qu, Qs + 82(65(Qu), 85(Qus Qa)+1)),
[L/[1[1/]1 e223]2/[1/5323]2]2] 2] has level 6(Qu, Q3 + 82(63(Qu, 62(Quw)), 62(Qu, Q3)+1)),
[1/[1[1/[1/[1 ;2524 2/[1)s252]2]2] has level

8(Qu, Q3 + 02(83(Quy, 02(Quy, 82(Qw))), 02(Quy, Q3)+1)),
[1/[1[1/[1/52 5] 3]2]2] has level 8(Qy, Qs + 62(85(Qu, Qs), 1))

(85(B3(Quy, Qa), 1) is the limit of 8,(q, Bx(B3(Quy Q3))+1) &S & — B5(Qu, Os)),

[1/[1[L/[1/52 4] 1/52]2]2] has level 8(Qu, Qs+ 85(83(Qu, Q3)+1)),
[L/1[1/[1/52 5] 1/[1/5235]2]2]2] has level 8(Qq, Qs + B2(65(Qu, 0s)2)),
[L/L[L[1/11/52 5] 2/[1/524]2]2]2]2] has level 8(Qu, Qs + 62(85(Qu, Q3)"2),
[L/[L[L[L/e2/[L/524]2] 2] 2] 2] has level 8(Qu, Qs + Bx(E(B5(Qu, Q3)+1))),
[L/L[L[1[1/a2/52]2/[1 /52 4] 2] 2] 2]12] has level 8(Qu, Qs + 62(Qa, 83(Qu Q3)+1)),
[L/L[1[1 02 /[1/s24]2]2]2] 2] has level 8(Qu, Qs + 85(8a(Qu), 83(Qu Q3)+1)),
[1/[1[L[L/[1/s2 4] 3] 2] 2] 2] has level 8(Qu, Qs + 85(84(Qu, Qs), 1)),
[1/[1[1[1[1/[1/52 5] 3]12]2]2]2] has level 8(Qu, Qs + 85(05(Qu, Qa), 1)),
[1/[1[1[1[1[1/[1/s2 6 3]2]2]2]2]2] has level 8(Qu, Qs+ 8:(86(Qu, Q3), 1)),
[1/[1/[2/52 5] 2]2] has level 8(Qu, Qs + 6(Qu, Qat+1)),
[1/[1/[3 /52 5] 2] 2] has level 8(Qq, Qs + 62(Qy, Q5+2),
[1/[1/[1/2/525]2]2] has level B(Qq, Qs + 62(Qy, Qs+Q)),
[1/[1/[1/,2 /52 5] 2] 2] has level 8(Qu, Qs+ 85(Qu, Qs*+Qy)),
[1/[1/[1 e52/525]2]2] has level 8(Qu, Qs + 82(Qu, Qs + 82(Qu))),
[1/[1/[1/[1/525]2 /52 5] 2] 2] has level 8(Qy, Qs + 62(Qu, Qs + B2(Qu, Q3)),
LML/ /52 ]2 152 5] 2152 5] 2] 2] has level

e(Qwa Q3 + 92(0001 QS + 92(Qw1 Q3 + eZ(wa Q3)))),
[1/[1/[1/33 5] 2] 2] has level 8(Qu, Qs2),
[1/[1/[1/51 /52 5] 2] 2] has level 8(Qy, Q52),



[L/1/[1][1/32142]25]2] 2] haslevel 6(Q, Q3"Q3),

[L/[1/[1[1/43] 2] 2]2] has level 8(Qu, £(Q3+1)) = 8(Qy, 03(1)),

[L/L/[1[1[1142152]2] 2] 2] 2] has level 8(Quw, 83(Q4)),

[L/[1/][1 e32 ;] 2] 2] has level 8(Qu, 63(Qy)),

[L/[1 /113 3] 22]2]2] has level 6(Qy, 63(Qy, 1)),

[L/[L/[L/[1 @32 3] 2] 2] 2] has level 8(Qu, 63(Quw, 63(Quw))),

[L/1/[1/[1/]1 32 3] 23] 2;]2]2] has level 8(Q, 03(Quw, 83(Qu, 03(Quw)))).
The limit ordinal of the /[ 3] bracket notation is 8(Q,, Q4).

[L/[2 /111142 3]25] 2] 2] has level 6(Qy, Qu),

[L/[1e;2/[1/[1/423]25]2]2] has level 6(Qy, Q4 + 82(Quw)),

[L/[1/[1/[1 142 3] 25] 3] 2] haslevel 6(Qy, Q4 + 02(Qu, Q4)),

[L/[2[2/2/[11423]23]3]2] 2] has level 8(Qy, Q4 + 62(83(Qy, Q4), 1)),

[L/L[L[2/[1/[21423]24]3]2]2]2] has level 8(Qu, Q4 + 82(04(Qu, Qg), 1)),

[L/[1/[21/[1 142 3] 2 5] 2] 2] has level 6(Q, Q4 + 02(Qq, Q4+1)),

[L/ANMANIN11423]25]121/[11423]25]2]2] has level 8(Qg, Q4 + 02(Qu, Q4 + 02(Qq,, Qy))),

[L/1/[1/321[11423])2;] 2] 2] has level 8(Q, Q4 + Q3),

[L/[1/[1 e32/[1/423]25]2]2] haslevel 6(Q, Q4 + 03(Quw)),

[L/[2/[1111423]32]2]2] has level B(Qy, Q4 + 03(Qy, Q4)),

[L/1/[1[2/[1/42 4] 3]22] 2] 2] has level 8(Qu, Q4 + 83(04(Qy, Q4), 1)),

[L/L/1[2[21/[21425]3]2]2;]2]2] has level 8(Qu, Q4 + 83(65(Qu, Q4), 1)),

[L/[2/[1112142 3] 2 5] 2] 2] has level B(Qu, Q4 + 03(Qy,, Q4+1)),

[L/[ANMAN1N[11423)21423]25]2]2] has level 8(Qy, Q4 + 03(Qu, Qs + 83(Qy, Q4))),

[L/1/[1/[1/433]25]2] 2] haslevel 6(Qy, Q42),

[L/[2NM111411423]25]2]2] has level B(Qy, Q4"2),

[L/ML/1/1[1/42152]23]25]2]2] has level 6(Qy, Q4"Q4),

[L/1/[1/1[1/53]23]22]2]2] has level 8(Qu, £(Q4+1)) = 8(Qu, B4(1)),

[L/A/M2A/1[1[1/52/62]2]23]27]2]2] has level 8(Qu, 84(Q5)),

[L/[1/[1/]1 @42 3] 2] 2] 2] has level 8(Qu, 04(Qy)),

[L/L/[L/1/[3 4] 23]23]2]2] has level 8(Qy, 84(Quw, 1)),

[L/L/[1/[1/][1 @42 4] 23] 2 ;] 2] 2] has level 8(Qq, 04(Quw, 84(Quy))),

[L/L/NINL/[L/[L @42 4]2 4] 23] 23] 2] 2] has level 8(Qu, 04(Qy, 84(Qu, 04(Quw))))-
The limit ordinal of the /[ 4] bracket notation is 8(Q,, Qs).

A pattern can be seen:
[1/[1/,2] 2] has level 8(Qu, Qy),
[L/[1/[1/5325]2] 2] has level 6(Qy, Q3),
[L/[1/[1/1/423])25]2]2] has level 8(Qy, Q4),
[L/A/M1N1/[2152 42 3] 2,]2] 2] has level 8(Qu, Qs),
[L/L/NANMLNA/L]625]24)23]22]2]2] has level 6(Qy, Qp),
[L/L/MINMINMANANL1726]25]24)23]25]2]2] has level 8(Qy, Q7).
The limit ordinal of the above is 6(Q+1) (limit of 6(Q, Qn) as n — w).

In order to proceed further, it is time to introduce another all-new special symbol — the double forward

slash (//), which requires at least two pairs of square brackets enclosing it. The n-hyperseparator /[X ]
symbol (for an array X and subscript n) is now rewritten as [X // 2 ] — this means that /,,is [1 // 2 )] and
e, is [2// 2 ,]. This paves the way for n-hyperseparators of the form [Xy // Xy /I ... I Xk ] (for arbitrary
strings X;j and k = 2) and beyond. When a string X contains at least one // symbol in its ‘base layer’,

[X n] = [1 [X n+1] 2]. The separator subscript is omitted whenever it is 1, as with slash subscripts.



The Angle Bracket Rules, as shown on pages 25-26 of Beyond Bird’s Nested Arrays IV, now
incorporate subscripts within the separator and angle bracket arrays. For example, in Rule A5, the
separator [A;j] may be of the form [Xy // Xy I/ ... [l Xk n] forsomeizn,1<j<spjandk=2. The
remainder of array strings #* and #; (for i 2 2) may include subscripts at the ends of them. Since the //
symbol ranks higher than any n-hyperseparator or /,, symbol for finite n (it may be regarded as an
w-hyperseparator), the #* string may begin with a // symbol as it is a ‘2- or higher order
hyperseparator’.

An extra subrule within Angle Bracket Rule A5 is created as follows:-

Rule A5a* (separator [A; ;] = [d #1 m], where d 2 2 and #y contains at least one // symbol in its ‘base
layer’):

Si="b<Ai1> b [Ai1] b Ai2> b [Ai2] ... b <Aip1> b [Aipa] Ro [d #4m] ci-1 #,

Ry=b R ,p b’ (n>1),

Ry ="b [d-1 #y msp-a] b

Note that Rule A5a* with [A; ;] = [2 // 2 ;] would mean that Ry = ‘b [1// 2 m4p-1] B' = b /mep-1 b’ Setting
m = 1 gives R; = ‘b /, b’, which enables us to go beyond the 6(Q,,) ordinal.

Examples using Rule Aba* are:
{a,b [1[5//2]2] 2}={a<0[5//2]2> b}
={abdc..bb[4//2:b>b>..>b>bsb}
(with b pairs of angle brackets),
{a,b [L[2[7//12,]3]2] 2}={a<«0[1[7//2,]3]2 b}
={a< Ry [7//2 ] 2> b b}
(with R, ='b«Rp.pb’and Ry =‘b [6 // 2 p44] b)
={adbdc.<bDd[6/2p]bb...>>b[7//2;]2 b>b}
(with b+1 pairs of angle brackets).
The latter example required one application of Rule A5b (withm =1,as [A11]=[1[7//2 ;] 3]isa
1-hyperseparator) prior to employing Rule A5a* (with [Az1] = [7 I/ 2 3]).

Since the k e symbols on the bottom of the first page of this document are shorthand for [2 // 2]
symbols, each of the S strings making up the array {a<«SeSe..eSeT ec-1#>b} are equal to
b1/ =<0/ 2>b[1//2]b<0//2>b[1//2]...[2/12]b0/I2>b
(with b ‘b <0 // 2> b’ strings)
='b/b/b/..Ib (with b b’s),
as the [1 // 2]'s become single forward slashes and ‘b <0 // 2> b’ =‘b’, as ‘b <0 # b’ = ‘b’ when # begins
with a 2- or higher order hyperseparator. If the k e symbols were each replaced by [d #*] separators
(where d = 2 and #* contains at least one // symbol in its ‘base layer’), S = ‘b «d-1 #* b’ and the /,
symbol in the T string would be replaced by the [d-1 #* ] separator.

If d in Rule ASa* (above) was equal to 1, in other words, the separator [A; p] = [1 #4 m], Where #y4
contains at least one // symbol in its ‘base layer’, Rule A5b would apply, unless [Aip] = [1 /] 2 1] =/,
in which case Rule A5a would apply. This is because [A;] is an m-hyperseparator, where m 2 1. To
take a simple example, when [X] is a normal separator,
{a,b [1[2[X]12//2]2] 2}={a0[1[X]2//2]2) b}
= {a b <Sy» by b} (Rule A5b, [1[X] 2/ 2] is
1-hyperseparator)
={a b b X> b/l 2> b b} (Rule Abc, [X] is 0-hyperseparator),



where X’ is identical to X apart from the first entry being reduced by 1. When [X] = [1] (comma),
{a,b [1[1,2//2]2] 2} ={a<b<b//2>b>b}.

The 6(Q,, Q3) level separator
{a,b [1[1[1/32/12,]2112]12] 2}={a0[1[1/32/12,]2/2]2) b}
={a «Sp b}.
Since p;=1,c1=2,# =# =" (blank),
[Ava]l=[1[1/32112,]212] (1-hyperseparator),
P2 = 1,c=2,#= ‘112,

[A21]=[1/321125] (2-hyperseparator),

ps=1,c3=2,#3="12,

[Az1] =13 (3-hyperseparator),
by Rule ASb (m = 1),

S, =Sy b,

t1:1,t2:0,t320;
by Rule A5b (m = 2),
S, =b<Sx» b/l 2,
t1:2,t2:1,t320;
and by Rule A5a (m =3, s = 3),

S3="Ru3,
Rnz=bRpizp bl 27,
Ry3="0.

It follows that,
{a,b [L[1[1/32112,]21/2]2] 2}
={adbdbbc..bbl//20b/2»..5b//2b//2»bll2> b b}
(with b+1 pairs of angle brackets and b //’s).

In general, forn = 2,

[AA[A[A[...[A[A/212n1]21203)...4121123]12112,]2/2]2] has level 8(Q, Q).
As the ‘// 2’ series is exhausted at the 8(Q,+1) level (limit of 8(Q,,, Qn) as n — w), we need to add one
to the number after the double slash. This requires another new subrule within Angle Bracket Rule
A5, in order to cater for the scenario when the separator [A; ;] can be written as a double slash.

The lowest separator containing ‘// 3’ is [1 [1 // 3] 2], which is at the 6(Q,+1) level. It is defined as
follows:
{a,b[1[1//3]2]2}={a<b<bbbc..bb//2ppbl/I2p»..pblI2b/I2,»b/l2> b b}
(with b pairs of angle brackets).

As the new subrule is similar in many respects to Rule A5a (separator [A; ;] = /m, Wwhere m = 1), | refer
to it as Rule A5a2. It is created as follows:-

Rule A5a2 (separator [A; 5] = //):

h = EndSub(‘#’) (subscript at the end of #;, this is 1 by default),

#* = DelEndSub(‘#’)  (identical to #; but with the end subscript (h) deleted),

S =Ry,

Rn="b <Ai1> b[Ai1] b A2» b [A2] ... b <Aipa> b [Apa] bR b /1 Ci-1 #% hipn” (N> 1),
R]_ =0.



The main difference between Rules A5a and A5a2 is that the R, string ends in a subscript (h+b-n)
under the latter subrule, where h is the subscript at the end of the #,; string, which is deleted in order to
create the #* string (h = 1 if the subscript is omitted from the end of #;). The h+b-n subscript is h for
the Ry string, h+1 for the Ry_; string, h+2 for Ry.5, and so on, up to h+b-2 for the R, string (R; = ‘0’).

The 6(Qu+1) level separator is verified using the new subrule:
{a,b[1[1//3]12]2}={a<0[1//3]2 b}

= {a«Sp b}.

Since p;=1,c1=2, # =# =" (blank),

[Ar1] =[1//3] (1-hyperseparator),

P2 = 1,c,=3,#= v (blank),

[Ax1] =11 (w-hyperseparator),
by Rule A5b,

S1='b<S» b,
and by Rule A5a2 (h = 1, #* = * (blank)),

S, =Ry,

Ry="bD Rnp b/ 2 pern,

R]_ ='0.

When a = b = 3, the above array becomes
{3,3[1[1//3]12]2}={3«3¢3<3/12» 312> 3 3}
={3@«3Q2/I2»p3[3//2,]32/12»3[3//2,]32112»3 1/ 2>3>3}
={33¢3/,3/,30,3/,3/,3,3/,3/,3 [3//29]
3/,b3/3,3/,3/,3,3/,3/,3 [3//25]
3/3/,3,3/,3/,3,3/53/,3 1/ 2533},
using Rules A2 and A6, with e, as shorthand for [2 // 2 ;]. Under Rule A2,
B1/12,»3=3/,3/,3
since the double slash (//) counts as a ‘2- or higher order hyperseparator’ and the [1 // 2 ;] separator
‘drops down’ to the /, symbol.

Separators from [1 [1 // 3] 2] to the next major milestone are as follows:
[L[1//3]2] has level 8(Qu+1),
[1[1//3] 3] has level 6(6:(Qu+1), 1),
[L[2/73]1/2] has level 8(0:(Q,+1)+1),
[L[1//3]1[1//3]2] has level 8(08:(Qu+1)2),
[L[2[1//3,]2]2] has level 8(81(Qy+1)w),
[L[1/2][1113;]2]2] has level 8(0:(Q,+1)Q),
[L[1[2//3]12][1//3,]2]2] haslevel 6(6:(Qy,+1)"2),
[L[1[2//3]11[1//3]2[11/3;]2]2] has level 8(01(Qu+1)"01(Qu+1)),
[L[A[a[a/3]2[2/3512]2[1/35,]2]2] has level 68(81(Qy,+1)*01(Qy,+1)*01(Qy+1)),
[L[1/,2][1113;]2]2] has level 8(g(01(Qu+1)+1)),
[1[1 e22[1//3;]2]2] has level 8(01(02(Qu), 01(Qy,+1)+1)),
[L[1[1/,21125]2[1//35]2]2] (1<n<3) haslevel 8(81(02(Qy, Qn), 81(Qy,+1)+1)),
[L[1[1[1/s2/123]12112,]2[1113;]2]2] has level 8(01(02(Qu, Qa), 81(Qy+1)+1)),
[L[1[1//3,]3]2] has level 8(8,(Qy+1), 1),
[L[1[2//35]1/,2]2] has level 8(82(Q,+1)+1),
[L[2[1//35]1[2/13;]2]2] has level 8(02(Qy,+1)2),
[L[2[1[2//3,]2[1//33]2]2]2] has level 8(6,(Qy,+1)"2),
[L[1[1/32[1/33]2]2]2] has level 8(e(82(Qy+1)+1)),



[L[1[1e32[1//33]2]2]2] haslevel 8(82(083(Quw), 82(Qu+1)+1)),
[L[A[A[1/n2/123]2[1/33]12]2]2] (1<n<4) haslevel B8(62(63(Qu, Qn), 82(Q,+1)+1)),
[L[A[A[1[1/s52/1242/123]2[11133]2]2]2] has level 8(62(83(Qy, Qs), 062(Qy+1)+1)),
[L[1[2[2//33]3]2]2] has level 6(685(Qy,+1), 1),
[T[1[1[1[1//34]3]2]2]2] has level 8(84(Q,+1), 1),
[L[1[1[1[1[1/35]3]2]2]2]2] has level 8(65(Qy+1), 1),

[L1[2/73] 2] has level 6(Q,+1, 1),

[1[3//3]2] has level 8(Qy,+1, 2),

[1[1/213]2] has level 8(Qu*1, Q),

[L[1[2//3]2/13]2] has level 8(Qut1, 01(Q,+1)),

[1[1/,21/3]2] has level 8(Q,t1, Qy),

[1[1[1/13,]2/13]2] has level 8(Qy,+1, 82(Qu+1)),
[L[1[1/321133]2/13]2] haslevel 8(Qy,t+1, Q3),
[L[1[1[1//33)2/13,]2113]2] haslevel 8(Qyut+1, 83(Qy+1)),
[L[1[1[1/42/133]2113,]21/3]2] has level 8(Qu+1, Q4),
[L[A[A[2[1/52/1342/3312113,]2//3]2] has level 8(Q,+1, Qs),
[1[1/74]2] has level 8(Q,+2),

[1[1//5] 2] has level 8(Q,*3),

[L[1//1/2]2] has level 6(Q,+Q),

[1[1//1e2]2] has level 8(Q,+01(Qy)),

[1[1/71/,2]2] has level 8(Qu,+Qy),

[L[1//1 e;2]2] has level 8(Qy,+02(Quw)),

[A[2/71[2/11/32,]2]2] has level 8(Q,+Q3),
[L[2/71[2/1e32,]2]2] haslevel 8(Q,+63(Quw)),
[L[2/1[2/2[21111423]25]2]2] has level 6(Q,+Q4),
[A[A/72[ANLI[INLI[111]524)23]2,]2]2] has level 8(Q,+Qs).

[L[2/11/2]2] has level 8(Qy2),
[L[1//1//3]2] haslevel 8(Qy3),
[L[1/1//1/2]2] has level 6(Q,Q),
[L[2/71//1/,2]2] has level 6(Q,Qy2),
[A[2/71101[2A/11111132,]2]2] has level 8(QuQ3),
A/ 1I1114235]25]2]2] has level 8(Q,Q4),
[A[2/721//1/12]2] has level 8(Q,"2),
[A[1/1/41/1/2]2] has level 8(Q,"3),
[L[1[2/,2] 2] 2] has level 8(Q, w) (/=[11,2)justas/=[11/,2]),
[L[2[2//;2] 2] 2] has level B(Qy"w, 1)
(Rule A5a* also applies when the ‘base layer’ of #, contains any w-hyperseparator,
but not when it contains a //, symbol as this is an (w+1)-hyperseparator),
[L[2/12]21,2] 2] 2] has level B8(Q, w + 1),
[A[1/1112[21,2]2]2] has level 8(Qy, w + Q),
[L[1[2//,2] 3] 2] has level B((Qu"w)2),
[L[1[2/22)112]2] has level 8(Qu,Nw+1)),
[L[1[2/,2]1[21l,2]2]2] has level 8(Q,Nw2)),
[L[1[3//,2] 2] 2] has level B(Q, w"2),
[L[1[1,2/,2]2] 2] has level 8(Q, w w),
[L[1[1[2/2]2/,2]2]2] has level B8(Qy" o),
[L[1[1[1e2]2//,2]2]2] has level 8(Q,"6(Qy)),
[TI[1[A[1[1[1e2]2//,2]2]2]2/,2]2]2] has level 8(Q,"6(Q,"6(Quw))),



[L[1[1/21,2]2] 2] has level 8(Q,"Q) (m in Rule A5b can now be w),
[L[1[1e2//,2]2]2] has level 8(Qu,"01(Qu)),
[L[1[1[1[1e2/,2]2]2/,2]2]2] has level 8(Qy"01(Qy"01(Quw))),
[L[1[1/,21;,2]2] 2] has level 8(Q,"Qy),
[L[1[1 e22//22]2]2] has level 8(Q,"02(Qu)),
[L[I[1[1[1e22/22]2;]21/l,2]2]2] has level 68(Q,"02(Q,"02(Qy))),
[L[1[1[2[1/32/,2]125])21,2]2]2] has level 6(Q,"Q3)
(not [1[1[1/32//,2] 2] 2] as we need to nest through [ ;] brackets),
[L[A[1[1[1e32/,2]2,]21/,2]2]2] has level 8(Q,"03(Qy)),
QAN e32/,2]123]1211,2]25]21,2]2]2] has level 8(Qy,"03(Qy"03(Qw))),
[L[I[1[2[1[2[1/s21122]23)211,2]27]211,2]2]2] has level 8(Q,"Q4),
[LA[1[A[1[2[2[1[2/s21,2]124]21122]123]211,2]2,]21/,2]2]2] has level 6(Q,"Qs),
[LJ2[L[2[L[A[1[A[2[1[2/62/,2]26]121152]124]211,2]23]211,2]12,]21,2]2]2]
has level 6(Q,"Qg).

[L[1[2/21;2]2] 2] has level 8(Qu"Qu),

[L[1[1/121;2]3]2] has level 8((Quw"Qy)2),

[A[a[n2i,211[1421,2]2]2] has level 8(Qu"Qw2)),

[L[1[2/21,2]2] 2] has level 8(Q,MNQuww)),

[L[1[1/21121,2]2]2] has level B(Q,NQ,Q)),

[L[1[1/,21121,2]2]2] has level 8(Q,NQ,Q2)),
[L[1[2[a[1/32/21,212,]12112]1l,2]2]2] has level 8(Qu,"Q,Q3)),
[L[A[A[A[A[1[1/a2H211,2123)211211,2]125]21121l,2]2]2] has level 8(Qu,"QwQ4)),
[L[1[1/31,2]2] 2] has level 8(Q,"Qu"2),

[L[1[2/1721,2]2]2] has level 8(Q,"Q,"Q),

[A[r[1/111,211,2]2] 2] has level B8(Q,"Qu,"Qy),
[Apr@Enma@ap@aniiz2i,212,21,2]2]2] has level 8(Q,"Q,"Q3),

LA/ I[AANLI4211,2]23)21,2]2,]21,2]2]2] has level 6(Q,"Q,"Q4),
[A[a[2/721121,2]12]2] has level 8(Qu,"QuQy),

[A[r@nmaninzii,2)2]2] haslevel 8(Qu*Qy,"Qu,"2),

[L[1[2[2/,2]21;2]2] 2] has level 6(Q,"Q,"Q," w),

[A[1[1[1/21/,2)21;2]2]2] has level 8(Q,"Q,"Q,"Q),

[L[1[1[1/21;2]21,2]2]2] has level 8(Q,"Qu"Qu,"Qu),
[L[1[a[anarnzii,2]121,2]2]2] haslevel 8(Qu"Qu"Qu" Q" Qu),
[A[r[r[r[a/n21,2121,2]21,2]2]2] has level 8(Qu,"Qu"Qu,"Qu*QW Q).

The sequence of separators starting with the last three has limit ordinal 8(e(Q,+1)) = 6(8,(1)). This
ordinal is the proof theoretic ordinal of the subsystem I'Ill-CAo+BI of second-order arithmetic and is
colloquially known as the Takeuti-Feferman-Buchholz ordinal. An example of a function whose growth
rate is at the 8(¢(Q+1)) level in the fast-growing hierarchy is Buchholz Hydras with w labels. The
growth rate of the Graph Minor Theorem (or Subcubic Graph Numbers) is upper bounded by this

ordinal.

The 6(62(Qy,+1), 1) level separator

Since

{a,b [L[L[1//3,]312] 2}={a<0[1[1//3,]3]2 b}

={a «Sp b}.
p1=1,cy =2, #, =# =" (blank),
[Ar1] =[1[1//3 ]3] (1-hyperseparator),
p2 =1, c, =3, #, =" (blank),
[Axa] =[113 2] (2-hyperseparator),
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p3=1,c3=3,#3= "7,
[Asq] =/ (w-hyperseparator),
by Rule A5b (m = 1),
S =bSx b,
t1=1,t,=0;
by Rule A5b (m = 2),
S, ='b«Szpb[1//3,]2,
t1=2,tb,=1,;
and by Rule A5a2 (h = 2, #*3 = (blank)),
S3 =Ry,
Rn=‘b «Rn.p> b/ 2 pior’,
R]_ = ‘O‘.
It follows that,
{a,b [1[2[1//3,]3]2] 2}
={abddbdbc.bb/2pb//2pp..0blI2b/I2,»b[1//3;]2 b>b}
(with b+1 pairs of angle brackets).

The 6(Q,"Q3) level separator
{a,b [L[1[1[1[1/321,2]12,]21,2]2]2] 2}={a<0[1[1[1[1/32/,2]2,]2Il,2]2]2> b}

={a «Sp b}.
Since py=1,cy=2,# =#* =" (blank),
[Ara]=[1[1[1[1/32/,2)2,]21,2] 2] (1-hyperseparator),
P2 = 1l,c=2,#,=" (blank),
[Aga] =[1[1[1/32122]2 7] 21> 2] (w-hyperseparator),
pz=1,c3=2,#3="1, 2,
[As1] =[1[1/321,2] 2] (2-hyperseparator),
Pa=1,c4=2,#4="),
[Az1] =[1/321> 2] (w-hyperseparator),
ps=1,C5=2, #5= ‘1152,
[As1] =13 (3-hyperseparator),
by Rule A5b (m = 1),
S =b Sy b,

t1=1,t2=0,t3=0,tw=0;
by Rule A5b (m = w),
S, ='b Sz b,
t1:2,t2:1,t3:1,tw:1;
by Rule A5b (m = 2),
S;=bSpbl,2,
t1:3,t2:2,t320,tw:0;
by Rule A5b (m = w),
S;=b Sy by,
t1:4,t2:3,t3:1,tw:1;
and by Rule A5a (m =3, s =4),
S5="Rps,
Rns=b<Rpa0 bl 2,
Rn4="b <Ry b2,
R1’4 =0.
It follows that,
{a,b [L[1[1[1[1/32/,2]2,]21,2]2]2] 2}
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={a<kdbdbdbc.. bbb/ 2bnrbll2>...»bll;2 by bli;2 bbb}
(with 2b+1 pairs of angle brackets and b //5’s).

The //; symbol is an (w+1)-hyperseparator. This means that separators containing //, in their ‘base
layers’ (e.g. [X /> Y ], where X and Y are arbitrary strings that may contain /,,, // or //, symbols) are
w-hyperseparators. The highest order hyperseparator contained within the ‘base layer’ of the #y string
in Rule Aba* is an w-hyperseparator (the // symbol is just the lowest one). The [1[1[1//2//,2] 2] 2]
separator (at 8(Q,"Q,,) level) requires Rule A5a2 to be modified as follows:-

Rule A5a2 (separator [A; 5] = //):

S = i-ty,,
h = EndSub(‘#s’) (subscript at the end of #;, this is 1 by default),
*s = DelEndSub(‘#s’)  (identical to #s but with the end subscript (h) deleted),
#ns = #'s hsbn’ (<n<b),
H#ox = ‘H (<n<b,s<k<i),
Si = ‘Rb,i’-

Forl<ns<bands<k<i,
Rn,i =D (Ai,l’) b [Ai’]_] b (Ai’27) b [Ai,Z] ...b (Ai,pi—l,) b [Ai,pi—l] b (Rn—l,s) b // Ci-l #n,i,v
Rnk =D Ak 1> b [Ag 1] b <Ak b [Axo] ... b Agp1™ B [Axpet] b (Rpker> b [Axpd C-1 #n
R]_’S =0.

The R;, string in the above subrule now becomes multilayered from R, s to Ry, with the h+b-n
subscript appearing at the end of the R, s string.

The 6(Qu"Q"Q,"Qy,) level separator

{a,b [L[1[1[2/21,2]121,2]2]2] 2}={a<0[1[1[1//2/,2]2/l,2]2]2> b}
={a «Sp b}.

Since p;=1,c1=2,# =# =" (blank),
[Acal=[2[1[2/21,2]21,2]2] (1-hyperseparator),
po=1,c0=2,#,= Y (blank),

(Aol =[L[11121122]2]1 2] (w-hyperseparator),
P3 = 1, C3 = 2, #3 = ‘//2 2,
[Asa] =[1 /1215 2] (w-hyperseparator),
Pa=1,c4=2,#4="1,2,
[Aga] =11 (w-hyperseparator),

by Rule A5b (m = 1),
S =bS» b,
t1 =1, ty = 0;

by Rule A5b (m = w),
S, ='b S b,
L= 2, tw = 1;

by Rule A5b (m = w),
Ss3=bSpbll2,
L= 3, tw = 2;

and by Rule Aba2 (s =2, h =1, #,2 = ‘b+1n),

S4="Rp4,

Rna=bRp12 bl 2,

Rn2 =D <Rp3 b pirn,

Rn’3 =D (Rn’4) b //2 2’ (SO, 82 = Rb'z),
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R1,2 =0
It follows that,
{a,b [L[1[1[1/21,2]21,2]2]2] 2}
={a b Ry b> b} (with Rp='b<b b Rypbl/l,2>b/l2)b iy and Ry =07
={ad<bdbbbbbc..<bbbcbb/L2bl22bypbllhb2>bll;2) ...
pbl/h2bll2b»bll2>bll; 2 by by b}
(with 3b-2 pairs of angle brackets and 2b-2 //,’s).

The 6(Q,,"Qy) level separator
{a,b [L[2[1/21,2]12]2] 2}={a<0[1[1/2],2]2]2> b}
={a«Sp b}
is similar to the 8(Q,"Q,"Q,"Q,,) level separator (above) except that [A; ;] for the lower separator is
[Ai+1,1] for the higher one, Rule A5b is executed twice (once with m = 1 and once with m = w, leaving
t; = 2 and t,, = 1) prior to finishing with Rule A5a2 (with s =2, h =1, #,2 = ‘b+1.n’), Which results in
S3="Rpz3’
Rhnz=bRy12 bl 2,
Rn,2 =D «Rp2 b pr1n’s
Rl,2 =0
It follows that,
{a,b [1[1[2/21,2]2]2] 2}
={akdddbc.. bbb/l 2bppbll;2...bll2>b»bll;2 bbb}
(with 2b-1 pairs of angle brackets and b-1 //,’s).

Further modifications to the above subrule will be needed in order to cater for [A; ;] being the //,
symbol, and for higher order //,, symbols, which are introduced in the next stage of the development of
our separators.

[L[1[1//,3]2]2] has level B(e(Qut+1)) = 06(0,(1)),

[1[1[1/53]3]2] has level B(g(Qy*1), 1),

[1[1[1/,3]11/2]2] has level B8(e(Qy,+1), Q),

[L[1[2//23]11/12]2] has level B8(g(Qyt+1)+1),
[L[2[1/,3]11[11;3]2]2] has level B(g(Qy*+1)2),
[1[1[2/,3]2]2] has level B(g(Qu+1)w),

[L[1[2/21,3]2] 2] haslevel B8(g(Qyt1)Q),

[L[1[1/21,3]2] 2] has level B(e(Qy+1)Qy),
[L[1[1[1/,3]21;3]2]2] has level B(g(Q,+1)"2),
[L[1[2[2/>311[21,3]21/,3]2]2] haslevel B(e(Qu+1)"e(Qy+1)),
[L[1[1[1[1/,3]21,3]21;3]2]2] has level B(g(Qy,+1)"e(Qy+1) e(Qy+1)),
[L[1[1//,4]2] 2] has level B8(g(Qut+2)) = B8(Bu(1, 1)),
[1[1[1/;,5]2]2] has level B(g(Q,+3)) = 6(Bu(1, 2)),
[1[1[1/,172]2]2] has level B(e(Qy,+Q)) = B(Bu(1, Q)),
[L[1[1/,1112]2]2] has level B8(e(Qy2)) = B(Bw(1, Qy)),
[L[1[2/22111112]2]2] has level B(e(Qy,"2)),
[A[r[a/2[2/211,2]12]2]2] has level 8(s(Qu"Qy)),
[L[1[1/,1[21;,3]2]2]2] has level B(g(e(Qy+1))),
[A[a[an1[a/;1[11/,3]2]2]2]2] has level B(e(e(e(Qut+1)))),
[L[1[2/,11,2]2] 2] has level B(C(Qyt+1)) = 68(Bw(2)),
[L[1[2/,21,11,2]2]2] has level 8(8,(3)),
[1[1[1[2//32]2]2]2] has level 8(B,(w)) (in general, /ln = [1 /lh+q 2]),
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[L[1[1[L1/2//52]2]2]2] has level 8(8,(Q)),
[L[L[L[1//2/152]2]2]2] has level 8(8,(Quw)),
[L[L[1[1[1//>3]2/32]2]2]2] has level 8(8u(Bu(1))),

[L[1[L[L[L[L[L /3] 2/152]2]21132]2] 2] 2] has level 8(8u(Bu(Bu(1)))).

[L[1[2[1/21132]2]2]2] has level 8(Qu+1) = 0(Bu(Qu+1)),
[L[1[21[1/521132]2]3]2] has level 8(8,(Qu+1), 1),
[L[1[2[2/>21132]2]112]2] has level 8(8y,(Qu+1), Q),
[L[1[2[21/21132]2]112]2] has level 8(8y(Qu+1)+1),
[L[1[2[1/,21132]2]2] 2] has level 8(6,(Qu+1)w),
[L[1[1/2[1/,2132]2]2] 2] has level 8(0,(Qu+1)Q),
[L[1[2/2[21,21132]2]2]2] has level 8(8,(Quw+1)Quw),
[L[1[2/2[21,21132]2]2]2] has level 6(g(0,(Qu+1)+1)),
[L[1[2[1/>21132]3]2]2] has level 8(Qu+1, 1) = 8(0,(Qu+1, 1))
(Bw(Qu+1, 1) is the limit of B(a, B,(Qu+1)+1) as a — Qu1),
[L[1[1[1/21132]1/2]2]2] has level 8(Qu+1, Q),
[L[1[2[2/21132]11/2]2]2] has level 8(Qu+1, Qu),
[L[1[1[2/21132]11,2]2]2] has level 68(Qy+1+1),
[L[1[2[21,21132] 2] 2] 2] has level 8(Qu+1Ww),
[L[1[2[1/21,21132]2]2]2] has level 8(Qu:+1Q),
[L[1[2[2/21,21132]2]2]2] has level 8(Qu+1Quw),
[L[1[2[2/,31132]2]2]2] has level 6(Qy+1"2),
[L[1[2[2/,111,21132]2]2]2] has level 6(Qu+1*Qup+1)s
[L[1[2[1[1/221132]211532]2]2]2] has level B(Qu1"Qu+1Qu+1)-

[L[1[1[1//33]2]2]2] has level B((Qur1+1)) = B8(Buw(L)),
[L[L[L[L// 2 /133]2]2] 2] has level B(E(Que+1)Qu),

[L[L[1[1//»2/l53]2]2]2] has level 8(E(Qusi+1)Qusr),

[L[L[L[L[L /s 3]2/133]2] 2] 2] has level 8(g(Qu+1)"2),

[1[L1[L[L//s4]2]2]2] has level B(E(Qus1+2)) = 8(Buwe(1, 1)),
[L[L[1[1//31/2]2]2]2] haslevel 8(e(Que1+Qu)) = 8@uws1(1, Qu)),
[L[L[L[L//s1/,2]2]2] 2] has level 8(g(Qu+12)) = B(Buwset(1, Qur1)),
[L[L[L[L//s1[1/53]2]2]2]2] has level 8(e(e(Qui+1))),
[L[L[1[1//31/52]2]2]2] has level 8(Z(Que1+1)) = 8Ow:1(2)),

[L[L[L[L[2 /s 2] 2] 2] 2] 2] has level B(Bye1(w)),

[LIL[L[L[L// 2 /14 2] 2] 2] 2] 2] has level 8(8u(Quw)),

[L[L[L1[L[L /22 /142]2]2]2]2] has level 8(Buws1(Qusn)),

[LIL[L[L[L[L /s3] 2 /42] 2] 2] 2] 2] has level 8(Bur1(Buri(1))),

[L[L[L[L[L[L[L[L /s 3]2 /s 2]2]2142]2]2]2] 2] has level B8(Bue1(Buet(Buet(1)))).

Continuing this pattern, | would find that:
[L[1[1[2[1//321142]2]2]2]2] has level B(Qu+2) = 8(By+1(Qu+2)),
[L[1[1[1[1//43]12]2]2]2] has level B(g(Qu+2t1)) = B(By+2(1)),
[L[1[2[2[1/411/42]2]2]2]2] has level B(¢(Qu+2t1)) = B8(By+2(2)),
[L[1[1[2[1[2//52]2]2]2]2]2] has level B(By+2(w)),
[L[2[1[2[1[2/42152]2])2]2]2]2] has level 6(Qy+3),
[L[1[1[2[1[2/53]2]2]2]2]2] has level B(g(Qu+3+1)) = 0(0y,+3(1)),
[L[1[1[2[1[2/511l52]2]2]2]2]2] has level 8({(Qu+3t+1)) = B(0y,+3(2)),
[L[1[1[1[1[2[2/62]2]2]2]2]2]2] has level B(By+3(w)),
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[L[2[1[2[1[2[1/s21162]2] 2] 2] 2] 2] 2] has level B(Qu+a),
[L[I[1[2[1[2[1[2/s2172]2]2]2]2]2]2]2] has level B(Qys+s),
[L[I[I[2A[1[2a[1[a[2/721g2]2]2]2]2]2]2]2]2] has level 8(Qu+e)-
The sequence of separators starting with the last three has limit ordinal 8(Q,). This is similar to the
pattern on page 23 of Beyond Bird’s Nested Arrays IV with single forward slashes except that each
separator in the above pattern sports an extra pair of square brackets and the associated ordinal
levels have w-1 added to the values in the Q and 6 function subscripts.

The generalised //,, symbol is an (w+n-1)-hyperseparator, with a minimum of n+1 pairs of square
brackets in a curly bracket array. The initial part of Rule A5 is altered to take account of double slash
symbols. Take x; to be the highest subscript to a single slash or closed square bracket within [A; ]. If
there are any double slashes within [A ], set X = w+x,-1, where X is the highest subscript to a
double slash within [Ay ], otherwise set x = x; (and regard x, = 0). The number of tally counters
(t-counters) required is x1+X, (X1 below the wth t-counter and x, from the wth t-counter onwards). The
maximum value of this, or of x, has now been doubled from w to w2. The t, counter (1 < a < w2)
tallies the number of successive applications of Rule A5b where [A; ;] is an a- or higher order
hyperseparator and is reset to 0 whenever [A; ] is a lower order hyperseparator.

The separator [A;,] can now be //r,, for any finite m = 1, for some i 2 m+1 and p; = 1. The subscript at
the end of the R, s string (end of the #, ¢ string) is h+b-n when m =1 and h for higher values of m.

Rule A5a2 is modified as follows:-

Rule A5a2 (separator [A; ;] = //m, where m 2 1):

S = i-tym-1,

h = EndSub(‘#s") (subscript at the end of #s, this is 1 by default),

#*s = DelEndSub(‘#s’)  (identical to # but with the end subscript (h) deleted),
#n,s = ‘% hibon (<n<b,m=1),

H#ok = (1<n<bandeithers<k<iork=s,mz22),

Si = ‘Rb,i,-

For1<n<bands<kc<ij,
Rni =D Ai1» b [Aia] b Ai2> b[A 2] ... b Aipa» b [Aipa] b Rn1e b I Ci-1 #n),
Rnk = D «Ax 1> b [Ac] b <Ak 2> b [Ax2] ... b A paD B [Axpe1] b Rp+r> b [Axpd Ce-1 #nis
R]_,s =0.

Take [Xe]l=[1[1]...[2[1/k3]2]...]12]2] (with k pairs of square brackets).
The 6(e(Q+k-211)) level separator (k = 2)
{a, b[1[Xd] 2] 2} ={a <0 [X«] 2> b}

= {a «Sp b}.
Since p;=1,c1=2,# =# =7 (blank),
[A1,1] = [Xi] (1-hyperseparator),

p;j=1, ¢ =2, # =" (blank),
[Aad=[1[1[..[1[1/43]2]..]2] 2]
((w+j-2)-hyperseparator, with k-j+1 pairs of square brackets),
for2<j<k, and
Pr+1 = 1, Cke1 = 3, #ie1 = 7 (blank),

[As11] = 1k ((w+k-1)-hyperseparator),

by the jth of k applications of Rule A5b (m =1 when j =1 and m = w+j-2 when 2 <j < k),
S;=‘b S b,
ty =, tw = -1, tye1 = -2, te2 = -3, .ov tur2 = 1, tygejor = twsj = oo = tekr = 0
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(t-counters finish on t; = K, ty, = k-1, tye1 = K-2, tye2 = K-3, ..., tyek2 = 1, tyekr = 0),
and by Rule A5a2 (m =k, s = k+1; the R string is disregarded as s = i; #, s = ‘#s’ as m = 2),
Sk+1 = Rpke1’,
Rnk+1 =D Ry ke b I 2
Rik+1 =0
It follows that,
{a,b[1[XJ2]2}={a<b<b<..<b<S> b>..>b>»bsb}
(with k pairs of angle brackets),
where S=‘bdbd<c...<bb//2b/2 .>blk2bllk2b
(with b-1 pairs of angle brackets and //\’s).

When a =3, b =2 and k = 2, the above array (with the 8(¢(Q,+1)) level separator) becomes
{38,2 [1[1[1/,3]2]2] 2}
={3222/;2 2> 22}
={32«2A /I, 22[2//,2]211l,2>2>2>2}
={3«2«2/12[211,2121/2>2> 2}
={3«2¢1/12[21,212112>2 [2/12[21,2]12112] 2<1/12[21/,2]12112>2>2}
={3«2 [1/2[21,212/12] 2 [2//2[21,212112] 2 [1//2[211,2]2112] 2> 2},
using Rules A2 and A6. The [1 //; 2] symbol ‘drops down’ to a double slash (//).

The /I, symbol may either be regarded as an (w+n-1)-hyperseparator or an (n, 2)-hyperseparator,
which is an n-hyperseparator on the second level in the extension to my Hierarchical Hyper-Nested
Array Notation. This is because w+n-1 is the ordinal level of the [n, 2] separator. Thus, the // symbol is
a (1, 2)-hyperseparator if one wished to avoid using transfinite numbers in describing hyperlevels
(hyperseparator levels); | think that it is better to use an array system with finite integers when
referring to these levels as | extend my notation. The highest order hyperseparator contained within
the ‘base layer’ of the # string in Rule A5a* has hyperlevel (1, 2); a (1, 2)-hyperseparator is either a
double slash or a separator with at least one //,, symbol enclosed by n-1 pairs of square brackets for
some n = 2, but with no //, symbols enclosed by fewer than n-1 pairs of square brackets for any n. A
separator array that is not itself an (n, 2)-hyperseparator (for any n) but has, in its ‘base layer’, one or
more (1, 2)-hyperseparators may carry a subscript, like slash symbols ([1 // 2 ,] ‘drops down’ to /;)). An
(n, 1)-hyperseparator is an n-hyperseparator (remove trailing 1’s as with arrays).

Now | will bring in another all-new 1-hyperseparator symbol — the double black circle (ee). The
smallest separator containing this symbol is the [1 ee 2] separator.

The 6(Quy2) level separator
{a,b[1 ee2]2} ={a<0 ee 2) b}
={abdc..bd/b b..>b b b}
(with b+1 pairs of angle brackets).
This is equivalent to
{a,b [L[2[...[1[2/21,2]2]...12]2] 2} (with b+1 pairs of square brackets).

[1 @@ 2] has level 8(Q2),

[1[1 ee 2] 2 @@ 2] has level 6(Q.»)2,

[1/2 ee 2] has level €(B8(Qu2)+1) =06(1, 6(Q2)+1),

[1 @2 00 2] has level 8(81(Qy), 8(Qu2)+1),

[L[1//3]2 ee 2] has level 8(8:(Qu+1), 8(Quw2)+1),
[1[1[1/;,3]2]2 ee 2] has level B(81(g(Qy,+1)), 8(Qu2)+1),
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[L[1[1[2/,2132]2]2]2 ee 2] has level B(01(Qu+1), 8(Qy2)+1),
[L[1[1[2[1//321142]2]2]2]2 ee 2] has level 8(81(Qy+2), 0(Qu2)+1),
[1 ee 3] has level 8(0:(Qy2), 1),
[1ee 1/2] haslevel 6(81(Qu2)+1),
[1L ee 1 e 2] has level B8(81(Qy2)+01(Quw)),
[Lee 1 ee 2] has level 6(61(Qu2)2),
[1[2 ee; 2] 2] has level B(01(Qu2)w),
[L[1/2 ee; 2] 2] has level 8(8:(Q42)Q),
[L[1 @2 @0, 2] 2] has level 8(01(Qy2)01(Quw)),
[1[1 oo 2 00, 2] 2] has level 6(81(Qy2)"2),
[L[1/;,2 ee; 2] 2] has level B(g(B1(Qy2)+1)),
[1[1 822 e0;2]2] has level 6(61(62(Qu), 81(Qu2)+1)),
[L[1[1//3,]2 ee;2]2] has level B8(81(02(Qyt1), 01(Qu2)+1)),
[L[1[1[2/3]2 ;]2 ee;2]2] has level 8(B1(02(e(Qut+1)), 61(Qu2)+1)),
[L[1[1[2[1/,21132]2]2,]2 ee, 2] 2] has level B8(81(B2(Quy+1), 81(Qu2)+1)),
[L[1[2[2[1[1/321142]2]2]2,]2 ee;2]2] has level B(81(02(Qu+2), 81(Qu2)+1)),
[1[1 ee; 3] 2] has level B(62(Qy2), 1),
[L[1 ee; 1/2]2] has level 8(82(Qu2), Q),
[1[1 ee; 1 e02]2] has level 6(82(Qu2), 81(Qu2)),
[L[1 ee; 1/,2] 2] has level 8(82(Qy2)+1),
[L[1 ee, 1 @0, 2] 2] has level 6(62(Qy2)2),
[1[1[2 ee32] 2] 2] has level B(82(Qu2)w),
[L[1[1/2 ee32]2]2] has level 8(02(Qy2)Q),
[L[1[1 e 2 @03 2] 2] 2] has level 8(082(Qu2)01(Qy2)),
[L[1[1/,2 ee32] 2] 2] has level 8(02(Qy2)Q5),
[L[1[1 @0, 2 @03 2] 2] 2] has level 8(82(Q2)"2),
[L[1[1/32 ee32] 2] 2] has level B(g(02(Qy2)+1)),
[1[1[1 e32 ee32]2] 2] has level 6(02(083(Q), 82(Qu2)+1)),
[L[1[1 ee33]2] 2] has level 6(83(Quyp), 1),
[L[1[1[1 ee43] 2] 2]2] haslevel 6(84(Quy2), 1),
[L[1[1[1[1 ee53]2]2]2]2] has level 8(85(Qu2), 1).
The sequence of separators starting with the last three has limit ordinal 8(8,,(Q:2), 1).

The next stage launches the treble forward slash (///), which requires at least three pairs of square
brackets around it. The symbol //, =[1/// 2 ] in order to mirror /, =[1// 2 ], and, just as /, =[1 /41 2]
and //, = [1 /41 2], the symbol /I, = [1 /l/+1 2]. The (n, 3)-hyperseparator ///, needs a minimum
enclosure of n+2 pairs of square brackets. Since | have exhausted // = [1 /// 2] prior to introducing the
ee symbol, ee, =[1[2/// 2] 2 ]. The symbol [2 [2 /Il 2] 2] comes next in the sequence after ee.

[L[2[2//1 2] 2] 2] has level B(8,(Qy2), 1),

[1[3[2/112]2] 2] has level 8(8,(Quw2), 2),

[1[1/2[21112]2]2] has level 8(8,(Quw2), Q),

[1[1 ee2[2///2] 2] 2] has level 8(8,(Quw2), 81(Quw2)),
[1[1[1ee2][2///2]12]2][2//12]2]2] has level 8(6,(Quz2), 01(Qu2, 81(Quw2))),
[L[1/,2[21112] 2] 2] has level 8(8y(Quw2), Q2),

[1[1 ee;2[2/// 2] 2] 2] has level 8(8,(Quw2), 82(Quw2)),
[1T[1[1ee,2[2///2]12,]2][2/l/2] 2] 2] has level 8(8,(Quw2), 02(Qu2, 02(Qu2))),
[L[1[1/32[21112]25]2[21112]2]2] has level 8(8,(Qu2), Q3),
[1[1[1ee32[2//12]2,]2[21/12]2] 2] has level 8(8,(Qu2), 83(Qu2)),
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[L[L[L[L/a2[2/M2]2312[2/12]25]2[2/12]2]2] has level 8(8u(Quz), Qu),
[L[L[L[L[L/s2[2/12]2412[2/12]2512[2M112]25]2[2/2]2]2] has level
8(6u(Qu2), Qs),

[L[1//2[21112]2] 2] has level B(By(Qu2)+1),

[L[L//1/2[2112]2]2] has level 8(8,(Qua)*+Qu),

[L[L[L/2//,2]2[2112]2] 2] has level B(8u,(Qu2)*Qu Q)

[L[L[L//2/1,2]2[2 111 2] 2] 2] has level B(Bu(Qua)+Qu Q).

[L[L[L/3]2[212]2]2] has level 8(8u(Qu2)+E(Qu+1)) = 8(8u(Qua)*+8u(1)),

[L[L[L[L// 2 /132]2] 22111 2] 2] 2] has level B(Bu(Qua)+Bu(Qu)),

[L[L[L[L/22/152] 2] 2[2 /11 2] 2] 2] has level B(Bu(Qua)+0u(Quws1)),

[L[L[L[L[L /52 /152]2]2] 2 [2 111 2] 2] 2] has level B(Bu(Qua)*Bu(Que2)),

[L[L[2/// 2] 3] 2] has level B(8y(Qun)2),

[L[L[2///2]1/2]2] has level 8(8u(Quw2)Q),

[1[1[2/2]1/2]2] has level 8(8y(Qu2)Qu),

[L[L1[2/ 2] 1[11211,2]2]2] has level 8(8u(Qu2)(QuQu)),

[L[L[2/// 2 1 [1 /1, 3] 2] 2] has level 8(Bu(Qu2)e(Qu+1)) = B(Buw(Qu2)0u(1)),

[L[L[2/ 2] 1[1[1//21152]2]2] 2] has level 8(8u(Qw2)0w(Quw)),

[L[L[2/ 2] 1[1[1 /22 152]2]2]2] has level 8(8u(Quw2)Bw(Quws1)),

[L[L[2/1/ 20 1[1[1[1 /52 1142]2]2] 2] 2] has level B(Bu(Qu2)Buw(Qus2)),

[L[1[2/2]1[2/112]2]2] has level 8(8u(Qw2)2),

[L[1[2[2 /2 7]2]2]2] has level 8(8y(Qua) w),

[L[L[1/2[2 /112 5] 2] 2] 2] has level 8(8u(Qw2)*Q),

[L[1[1//2[2/1122]2]2]2] has level 8(8u(Quw2)*Qu),

[LIL[L[2/2]2[211125]2]2]2] has level 8(8u(Quw2)0u(Quw2),

[L[L[L/22[211122]2]2] 2] has level B(e(Ou(Qu2)+1)),

[LIL[L[L/2/132]2[2 1112 2]2]2]2] has level 8(8u(Quw, Bu(Qu2)+1)),

[LIL[L[1 /22 /32]2[2 112 7]2]2]2] has level 8(8u(Qus1, Ou(Qu2)+1)),

[L[L[L[L[L//s21142] 2] 2[2 11 2 5] 2] 2] 2] has level 8(Bu(Buwst(Qus2), Buw(Qua)+1)),

[LIL[L[L[L[L/a2052])2]2]12[2 1112 5] 2] 2] 2] has level 8(8u(Buws1(Qus3), Bu(Qua)+1)),

[L[1[L[2 /12 7]3]2]2] has level 8(8u:1(Quwa), 1) = 8(Bw(Bws1(Qu2), 1))
(Bu(Buw+1(Qu2), 1) is the limit of B,(ar, Bu,(Buw+1(Quw2))+1) as o — Bur1(Quz)),

[L[L1[1[2/27]1/2]2]2] has level 8(8u1(Qu2), Q),

[L[L1[1[2/27]1//2]2]2] has level 8(8ui1(Qua), Qu),

[L[L[L[2 /12 5] 12111 2] 2] 2] 2] has level 8(Buws1(Qur2), Bu(Quw2)),

[L[L[1[2/127]11,2]2]2] has level 8(By1(Qu2)+1),

[LIL[L[2/ 250 1[21/122]2]2]2] has level 8(8ui1(Qu2)2),

[L[L[L[L/2[2 /112 3] 2] 2] 2] 2] has level 8(Bu:1(Qu2)Q),

[LIL[L[1/2[2/123)2]2]2]2] has level 8(Bue1(Qu2)Qu),

[LIL[L[L[2/12) 221112 3]2]2]2]2] has level 8(8uy1(Quw2)Bu(Qua)),

[L[L[L[L/22[2 112 35]2]2]2]2] has level 8(Bus1(Quw2)Que1),

[LIL[L[L[2/25]2[211123]2]2]2]2] has level 8(By1(Qu2)2),

[L[L[1[1/52[21124)2]2]2]2] has level 8(g(Bus1(Qua)+1)),

[LIL[L[L[L//s2 /14 2] 2[2 1112 3] 2] 2] 2] 2] has level 8(Bu+1(Qusz, Bust(Quz)+1)),

[LIL[L[L[L[L/a2/52)2) 22111 2 3]2]2] 2] 2] has level 8(8ui1(Bws2(Qura), Bws(Qua)+1)),

[L[1[1[1[2/1123]3]2]2]2] has level 8(8u+2(Quz), 1) = 8(Bu+1(Buw+2(Qu2), 1))
(ew+1(ew+2(Qw2)a 1) is limit of euu+1 (G, ew+1(ew+2(Qw2))+1) asa— ew+2(Qw2))y

[L[L[L[L[2/123]11132]2]2]2] has level 8(Bysa(Qu2)+1),

[LIL[L[L[2/23] 1[2/1123)2]2]2]2] has level 8(8us2(Qu2)2),

[LIL[L[L[L// 2[2 /12 4]2]2]2] 2] 2] has level B8(Bya(Qu2)Qu),
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[L[1[1[2[1[2/1123]2[211124]2] 2]2]2] 2] has level 8(8y+2(Quy2)"2),

[L[L[1[1[1/42][2111 2 4)2]2]2]2]2] has level 6(g(By+2(Qu2)+1)),

[L[1[1[1[1[2/1 2 4]3]2]2]2]2] has level 8(8,+3(Qu2), 1),

[L[1[2[1[1[2[2/25]3]2]2]2]2]2] has level B(By+a(Quw2), 1),

[L[I[1[1[1[2[1[2/1126]3]2]2]2]2]2]2] has level B(Bu+5(Qu2), 1).
The limit ordinal of 8(By+n(Quw2), 1) as N — w is 6(Quy, 1).

Now, the square bracket layer directly containing the treble slash can be changed. The separators
continue as follows:
[L[1[3/12]2] 2] haslevel 6(Qy2, 1),
[L[1[4 /11 2] 2] 2] has level B(Qyz2, 2),
[L[1[2/21112]2]2] has level 8(Qu2, Q),
[L[2[1/,21112]2]2] has level 8(Qy2, Q5),
[L[1[1[1[1/32/112]25]21112]2]2] has level 8(Qu2, Qa),
[L[L[2[2[1[a[2/s2/12]23)21112]125]21112]2]2] has level 6(Qu2, Qu4),
[L[2[1/212]2]2] has level 8(Quz, Qu),
[L[1[2[2/112]21112]2]2] has level 8(Quz, Bu(Quw2)),
[L[1[2[2[2/2]212])2112]2]2] has level 8(Quw2, 8(Qu2, Bw(Quw2))),
[L[2[1/221112]2]2] has level 8(Qu2, Qu+1),
[L[1[2[2111235]21112]2]2] has level 8(Quw2, Bw+1(Qu2)),
[L[1[2[2/32111235]21112]2]2] has level 8(Qu2, Qu+2),
[L[2[L[2[1/Ms21123]211125]21112]2]2] has level 8(Quwz, Qu+3),
[L[1[2/// 3] 2] 2] has level 8(Qu2t1),
[L[1[1///112]2] 2] has level 8(Qu2t+Q),
[L[2[1/1/,2]2]2] has level 8(Qu2+Qy),
[L[L[2/M1[2[1/11132]2,]2]2]2] has level 8(Qu2+Q3),
[L[1[2/1111/12]2]2] has level 8(Qu2+Qy),
[L[2[1/11,2]2]2] has level 8(QuatQu+1),
[L[1[2/M 121132 5]2]2]2] has level 8(Qua+Quy+2),
[L[1[2/111112]2]2] has level 8(Qy22),
[L[2[1/1/11112]2]2] has level 6(Qy29Q),
[L[1[2/M1112]2]2] has level 68(Qu2Qy),
[L[L[2/M 1/ 1112]2]2] has level 8(Qu2"2),
[[apmanranmalii2 2]2] haslevel 6(Qy"3),
[L[1[21[211,2]2]2]2] has level B(Qu2"w),
[L[1[1[1/21,2]2]2]2] has level 8(Qy,2"Q),
[L[2[1[2/1121,2]2]2]2] has level 8(Qu2"Qu2),
[L[1[2[a/m2ll2i,2]2]2]2] has level 8(Qu2"Quw2"Quw2),
[L[L[2[2[LM211,2]21,2]2]2]2] has level 8(Qu2"Qu2"Qu2"Qu2),
[L[1[2[2/1,3]2]2]2] has level B(g(Qu2t1)) = 8(0y2(1)),
[L[2[1]2 11, 4]2]2]2] has level B(g(Qu2t2)) = 6(B42(1, 1)),
[L[1[2[2/1,112]2]2]2] has level 8(e(Qu2tQ)) = 8(Bw2(1, Q)),
[L[2[1[2/M51112]2]2]2] has level 8((Quy22)) = 08(B8w2(1, Qu2)),
[L[1[2[2/,2[11,3]2]2]2]2] has level B8(e(e(Qu2t+1))),
[L[1[2[2/,2111;2]2] 2] 2] has level B(J(Quwz+1)) = 0(0,2(2)),
[L[1[1[21[2/1532]2]2] 2] 2] has level B(Buo(w)),
[L[2[1[2[1/211132]2]2]2]2] has level 8(6,2(Q)),
[L[2[1[2[1/1121132]2]2]2]2] has level 8(042(Qy2)),
[L[1[2[2[1[2/M23]1211132]2]2]2]2] has level 6(8,2(0u2(1))),
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[L[A[L[2[L[2[L[2/23]121113212]21152]2]2]2]2] has level 8(Bu2(Buw2(Bw2(1)))),
[L[2[1[2[1/;211132]2]2]2] 2] has level B(Qu2+1) = B(Bw2(Quw2+1)),
[L[1[1[2[1/1l33]2]2]2]2] has level B(e(Quz+11+1)) = 8(Buw2+1(1)),
[L[1[2[2[1/311132]2]2]2]2] has level 8(C(Qu2+1+1)) = B(By2+1(2)),
[L[1[1[2[1[21/1142]2]2]2]2]2] has level B(By2+1(w)),
[L[2[1[2[1[2/2/1,2]2]2]2]2]2] has level 8(8y2+1(Q)),
[L[2[L[2[2[2/121142]2]2]2]2]2] has level 8(0y2+1(Quw2)),
[L[2[L[2[1[2/M2211142]2]2]2]2] 2] has level 8(8y2+1(Qu2+1)),
[L[2[1[2[1[2/M3211142]2]2]2]2]2] has level 8(Qy2+2),
[L[1[1[2[1[2/1143]12]2]2]2]2] has level B8(g(Qy+2t1)) = 8(B2+2(1)),
[L[[L[2[1[2/M42111142]2])2]2]2] 2] has level B(¢(Qua+2+1)) = B(By2+2(2)),
[L[1[1[2[1[2[2/52]2]2]2]2]2]2] has level B(By2+2(w)),
[L[2[L[2[1[2[L/4211152]2]2]2] 2] 2] 2] has level 6(Qy2+3),
[L[2[L[2[1[2[1[2/s21l62]2]2]2]2]2]2]2] has level 8(Qy2+4),
[L[2[1[2[1[2[1[2a[2Me2172]12]2]2]2]2]2]2]2] has level B(Quz+s).

The sequence of separators starting with the last three has limit ordinal 8(Q,3). This mirrors the

pattern on pages 14-15 with double slashes apart from the extra pair of square brackets in the

separators and the addition of w in the Q and 6 function subscripts.

The initial part of Rule A5 is modified to take account of treble slash symbols. Within [A; ], take x; to
be the highest subscript to a single slash or closed square bracket containing a (1, 2)-hyperseparator
as the highest hyperseparator in its ‘base layer’, x, to be the highest subscript to a double slash or
closed square bracket containing a (1, 3)-hyperseparator as the highest hyperseparator in its ‘base
layer’ and x3 to be the highest subscript to a treble slash (these values are 0 when the related
symbols do not exist). The x variable is set as follows:
X = W2+X3-1 (x3>0)

= W+xy-1 (X2>0,%x3=0)

=X (X2 =0, x3=0).
The number of t-counters required is X;+X,+X3 (X1 below the wth t-counter, x, from the wth t-counter
up to but not including the (w2)th t-counter and xsz from the (w2)th t-counter onwards). The maximum
value of this, or of x, is now w3.

A new Rule A5a3 (separator [A; ] = ///m, where m 2 1) would need to be created, which is exactly
identical to Rule A5a2 except that the //,, in the R, string becomes ///, and s = i-ty2+m-1. The #y string
in Rule A5a* contains either a (1, 2)- or (1, 3)-hyperseparator as the highest hyperseparator in its
‘base layer’.

The 6(Q.y2) level separator on page 16 is verified using the revised Rule Aba*:
{a,b[1ee2]2}={a<0[1[2///2]2] 2> b}

= {a «Sp b}.

Since p;=1,c1=2,# =# =7 (blank),

[Ar1] =112/ 2] 2] (1-hyperseparator),

p,=1,c,=2,#, =" (blank),

[Az1] =1[2 111 2] ((1, 2)-hyperseparator or w-hyperseparator),
by Rule A5b,

S =bS» b,
and by Rule A5a* (d =2, #4=2",m = 1),

S2="Ry,

R, ='b R, b,
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Ri=Db[1/l2p]b
=bllpb.

At this stage, it is better to rewrite //,, as /o and ///, as /3. The symbols // and /// can be rewritten as

/1, and /1 3 respectively; /1 is I, (remove trailing 1’s). There are two directions of travel for the

generalised (m, n)-hyperseparator double subscript slash symbol (/i ), Since
Imn=[/m1n2]=[1/10+1 2 m] (both [1/me1n 2] and [1 /141 2 1] ‘drop down’ to /p, ).

/mn requires a minimum of m+n-1 pairs of square brackets around it in order to be used in an array.

With k pairs of square brackets (k 2 2), the 8(Q-1)) level separator
{a,b [1[1[..[1[2/1x2]2]...12]2] 2}={a<0[1[..[1[2/1k2]2]...]12] 2> b}
={addc...<bblhkib b ..>b>b>b}
(with b+k-2 pairs of angle brackets).

The most significant separators from 8(Q,,) to 8(Q,;2) ordinal level are:-
[1[2/122] 2] has level 8(Qu),
[1[2/12 2] 3] has level 8(81(Qy), 1),
[1[2/122]1/2] has level 8(81(Qy)+1),
[L[2/122]1[2/122] 2] has level 8(81(Quw)2),
[1[2[2/1225] 2] 2] has level 8(81(Q)w),
[1[1[2/122]12[211225]2] 2] has level 8(81(Q,)"2),
[L[1/22[2/1225]2] 2] has level B(g(B1(Quw)+1)),
[1[1[2/1225]3]2] has level 8(82(Q), 1),
[1[1[1[2/1223]3]2]2] haslevel 8(83(Qy), 1),
[1[3/122] 2] has level 6(Q, 1),
[1[1/2/172]2] has level 8(Q, Q),
[1[1[2/122]2 112 2] 2] has level 8(Qy, 81(Quw)),
[1[1/,2/1,2] 2] has level 8(Q, Q),
[L[1[1/32 /1’2 252 /1’2 2] 2] has level 8(Qy, Q3),
[1[1/123]2] has level 8(Q,+1),
[1[1/121/122] 2] has level 8(Q2),
[1[1 /1,2 1 /1’2 1 /1,2 2] 2] has level 6(Q,"2),
[1[1[2/222]2] 2] has level B8(Qy"w),
[1[1[1/122/,22]2]2] has level 8(Q,"Qu),
[1[1[1/223]2]2] has level B(g(Qy+1)),
[1[1[1/21/522]2]2] has level B({(Qy,+1)),
[1[1[1[2/322]2]2]2] has level B(8,(w)),
[1[1[1[1/2/322]2]2]2] has level 8(8,(Q)),
[L[1[1[1/1221322]2]2]2] has level 8(8,(Qu)),
[1[1[1[1/221322]2]2]2] has level B(Qu+1),
[L1[1[1[1/323]2]2]2] has level B(g(Qu+1+1)),
[1[1[1[1/321/322]2]2]2] has level B(Z(Qu+1+1)),
[T[1[1[1[2/422]2]2] 2] 2] has level B(By+1(w)),
[L[1[1[1[1/3221422]2]2]2]2] has level B8(Qu+2),
[L[L[1[1[1[1/4221/522]2]2]2]2]2] has level B(Qqyu+3)-

Significant separators from 8(Q,2) to 8(Q3) level are:-

[L[1[2/132] 2] 2] has level 8(Quy),
[1[1[2/132]2] 3] has level 8(81(Qy2), 1),
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[L[L[L[2/32] 2] 3]2] has level 8(62(Qu), 1),
[L[L[L[L[2/52]24]3]2]2] has level 8(85(Qua): 1),
[L[2[2 /15 2] 2] 2] has level 8(8u(Qu2), 1),
[L[1/2[2/32]2] 2] has level 8(8(Qu), Q).
[L[L/22[2/152]2]2] has level 8(8u(Qu2), Q2),
[L[L[L/32[2/32]22]2[2/1352]2] 2] has level 8(8u(Qu2), Qs),
[1[1/122[2/132]2]2] has level 8(8u(Qua)+1),
[L[L[2/152]3]2] has level 8(8u(Qu2)2),

[L[L1[2 /32 1[2/152] 2] 2] has level 8(80(Qu2)"2),
[L[L[L[2/hs2]2[2/322]2]2]2] has level 8(8u(Qu2)*0u(Qua)),
[L[L[L /222 [2 /132 2] 2] 2] 2] has level B(E(Bu(Qu2)+1)),
[L[L[L[2 /32 2] 3]2]2] has level 8(8us1(Qu2): 1),
[L[L[L[L[2/132 3] 3]2]2] 2] has level 8(8ur2(Qua): 1),
[L[L[L[1[1[2/1324]3]2]2]2]2] has level 8(Buss(Qun), 1),
[1[1[3/132]2] 2] has level 8(Quz, 1),

[L[L[L/2/152]2]2] has level 8(Qua Q),
[L[L[1/122/152]2]2] has level 8(Quz, Qu),
[1[L[1/222/132]2] 2] has level 8(Quz, Q).

[1 [1 [1 [1 /3'2 2 /1’3 2 2] 2 /1’3 2] 2] 2] has level G(sz, Qw+2),
[1[1[1/133]2]2] has level 8(Quz+1),
[1[L[1/151/132]2]2] has level 8(Qu2),
[L[L[L/sl/131/32]2]2] haslevel 8(Qua"2),

[1[L1[1[2 /25 2] 2] 2] 2] has level 8(Quaw),

[L[L[L[1 /32 /232]2] 2] 2] has level 8(Qu2*Qup),
[1[1[L[L/s53]2]2]2] has level 8(e(Qur+1)),

[1[L[L[1 /231 /252] 2] 2] 2] has level B(Z(Quz+1)),
[1[L[1[1[2/s32] 2] 2] 2] 2] has level BBu2(w)),
[L[L[L[L[1/2/532]2]2]2] 2] has level 8(Bu2(Q)),
[1[L[L[L[1 /132 /532]2]2]2] 2] has level 8(8u(Qun)),
[1[L[L[1[L /232 /532] 2] 2] 2] 2] has level B(Quze),
[1[1[L1[L[1/353]2]2]2]2] has level B(E(Quaei+1)),
[L[L[1[1[1/a31/532]2]2]2]2] has level B(Z(Quoer+1)),
[1[1[1[1[1[2/as2]2]2]2]2]2] has level B(Buze1(w)),
[L[L[L[L[L[1 /532 /a3 2] 2] 2] 2] 2] 2] has level 8(Quzs),
[1[L[1[1[L[L[2 /a2 /552]2]2] 2] 2] 2] 2] has level 8(Quz+s).

Continuing this sequence, | obtain
[1[1[1[2/142]12]2] 2] has level 8(Qys3),
[1[1[1[2/142]2]2] 3] has level 8(81(Qy3), 1),
[T[1[21[1[2/142]2]2;] 3]2] has level 8(82(Q3), 1),
[L[1[L [1[1[2/142]2]2 3] 3]12]2] has level 8(83(Qys3), 1),
[1[2 [2[2/142]2] 2] 2] has level B8(8y(Quw3s), 1),
[1[1/2 [1[2/142]2] 2]2] has level 8(8,(Quw3), Q),
[1[1/22 [1[2/142]2] 2] 2] has level B(B,(Qu3), Q2),
[1[1[2/32 [1[2/142]2] 23] 2 [1[2/142]2] 2]2] has level 8(8,(Quws), Q3),
[1[1/122 [1[2/142] 2] 2] 2] has level B(B,(Qus3)+1),
[1[1 [1[2/142]2] 3]2] has level 6(8,(Quw3)2),
[L[1[1[2/142]2] 1 [1[2/142]2] 2] 2] has level B(8,(Quw3)"2),
[1[1[1 [1[2/142]2] 2 [1[2/1,42]25] 2] 2] 2] has level 8(B,(Quws)"0uw(Quw3)),
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[L[1[1/222 [1[2/142]2 5] 2]2] 2] has level B(g(8,(Qy3)+1)),

[1[1[1 [1[2/142]25] 3]12]2] has level 8(84y+1(Qu3s), 1),

[T[1[1[1 [1[2/142]23] 3]12]2]2] has level B(By+2(Qu3), 1),
[L[L[L[1[1 [1[2/142]2 4] 312]2]2]2] has level B(Bu+3(Qus), 1),
[1[1[2 [2/142] 2]2] 2] has level 8(842(Qu3s), 1),

[1[1[1/2 [2/142] 2]12]2] has level 8(842(Quw3s), Q),

[L[1[1/122 [2/142] 2] 2] 2] has level B(B2(Quws), Qu),

[1[1[1/22 [2/142] 2] 2] 2] has level B(By2(Qys3), Qu+1),

[1[1[1 [1/322 [21142] 23] 2 [2/142] 2] 2] 2] has level 8(Bu2(Quwa), Qu+2),
[L[1[1/132 [2/142] 2] 2] 2] has level B(B42(Quws)*+1),

[1[1[1 [2/142] 3]12]2] has level 8(842(Quw3)2),

[L[1[1 [2/142] 1 [2/142] 2]2] 2] has level B(B,2(Qy3)"2),

[L[1[1[1 [2/142] 2 [2/1422] 2]2]2] 2] has level B(Bu2(Quw3)"Bw2(Quw3)),
[L[1[1[1/32 [2/142 7] 2]2] 2] 2] has level B(g(Buw2(Qus)+1)),
[L[1[1[1 [2/1425] 3]12]2]2] has level 8(By2+1(Qu3s), 1),

[T[L[L[1[1 [2/1423] 312]2]2]2] has level 8(Bu2+2(Quws), 1),
[L[L[L[1[1[1 [2/142 4] 3]12]2]2]2]2] has level B(By2+3(Qu3), 1),
[1[1[1[3/142]2]2]2] has level 8(Qus, 1),

[L[1[1[2/2/142]2]2]2] has level 8(Qus, Q),
[1[1[1[1/122/142]2]2]2] has level 8(Qus, Qu),
[1[1[1[1/132/142]2]2]2] has level 8(Qus, Qu2),
[L[1[1[1/232/142]2]2]2] has level B(Qus, Qu2+1)s

[L[1[1[1]2 /3’3 2 /1'4 252 /1’4 2] 2] 2] 2] has level G(ng, Qw2+2),
[L1[1[1[1/143]2]2]2] has level 8(Qys+1),
[1[1[1[1/142/142]2]2]2] has level 8(Qyu32),
[L[1[1[1/142/141/142]2]2]2] has level B(Qy3"2),
[L[1[1[1[2/242]2]2]2]2] has level B(Qy3" w),
[1[1[1[1[1/142/242]2]2]2]2] has level 8(Qu3"Qu3),
[L[1[1[1[1/243]2]2]2]2] has level B(g(Qyst1)) = 8(By3(1)),
[L[1[1[1[17241/242]12]2]2]2] has level B(((Quat1)) = 6(Bw3(2)),
[T[1[1[1[1[2/342]2]2]2]2]2] has level 8(8,3(w)),
[L[1[1[1[1[1/2/342]2]2]2]2]2] has level B(8,3(Q)),
[L[1[1[1[1[1/142/342]2]2]2]2]2] has level B(By,3(Qus3)).
[L[1[1[1[1[1/42/342]12]2]2]2]2] has level B(Qy3+1),
[L[1[1[1[1[1/343]2]2]2]2]2] has level B(e(Quar1t1)) = 0(By3+1(1)),
[1[1[1[1[1[1/541/342]2]2]2]2]2] has level B(((Quz+1+1)) = 8(Bu3+1(2)),
[1[1[L[L[1[1[2/442]2]2]2]2]2]2] has level 8(Byz+1(w)),
[L[L[L[1[1[1[1/3421442]2]2]2]2]2]2] has level B(Qs+2),
[L[L[A[A[1[1[1[1/4a21542]2]2]2]2]2]2]2] has level B(Qysz+3)-

[L[1[1[1[2/.52]2]2]2] 2] has level 8(Qua),
[1[2[1[1[2/152]2]2]2] 2] has level 8(8u(Qua), 1),
[L1[1[2[1[2/152] 2] 21 2] 2] has level 8(Bua(Qua), 1),

[L1[1[1[2[2 /15 2] 2]2] 2] 2] has level 8(Bus(Qua), 1),
[L[1[1[1/142[2/152]2]2]2] 2] has level 8(By3(Qua)+1),
[L[1[1[L[2 /15 2] 3]2]2] 2] has level B(Bu3(Quwa)2),
[L[1[1[1[2/152] 1[2/152]2]2] 2] 2] has level 8(Bus(Qua)2),
[L[1[L[1[1/242[2 /152 2] 2]12] 21 2] 2] has level 6(e(By3(Qua)+1)),
[L[1[1[1[1[2 /152 ] 3]12]12]2] 2] has level 8(Buz+1(Qua), 1),
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[L[1[1[L[L[1[2 /s 2 5] 3] 2] 2] 2] 2] 2] has level B(Buzra(Qua), 1),
[L[1[1[L[3/1s2]2]2]2] 2] has level 8(Qua, 1),

[L[1[1[L[1/2/152]2]2] 2] 2] has level 8(Qus, Q),

[L[1[L[L[1 /122 /s 2]2]2]2] 2] has level 8(Qua, Qu),

[L[1[1[L[1 /132 /s2]2]2]2] 2] has level 8(Qus Qu2),
[L[1[1[L[1/142/s2]2]2]2] 2] has level 8(Qus Qus),

[L[1[1[L[1 /s3] 2]2]2] 2] has level 8(Qus+l),

[L[1[1[L[1 /151 /1s2]2]2]2]2] has level 8(Quas2),

[L[1[1[L[1[2 /25 2] 2121 2] 2] 2] has level 8(Qus’w),

[L[1[L[L[L[2 /152 /s 2] 2] 2] 2] 2] 2] has level B8(Qua*Qua),
[1[1[1[L[1[2/253]2]2]2]2]2] has level 8(e(Qua+1)) = 8(Ouwa(1)),
[T[1[1[1[1[1/251/252]2]2]2] 2] 2] has level 8((Quatl)) = 6(Bwa(2)),
[L[1[1[L[1[2[2 /55 2] 2] 2] 2] 2] 2] 2] has level 8(Bua(w)),
[L[1[L[L[1[1[L /o5 2 /a5 2] 2] 2] 2] 2] 2] 2] has level B(Quass),
[L[1[1[L[1[1[L /55 3]2]2]2]2]2]2] has level 8(e(Quasi+1)) = 8(Buar1(1)),
[L[1[L[L[L[L[L[1 /a5 2 /as 2] 2] 2] 2] 2] 2] 2] 2] has level B(Quara),
[L[1[L[L[L[L[L[L[2 /as 2 /ss 2] 2] 2] 2] 2] 2] 2] 2] 2] has level B(Quasa).

[L[1[1[2[1[2/162]2]2]2]2] 2] has level B(Qys),
[L[1[1[1[1[3/162]2]2]2]2]2] has level 8(Qus, 1),
[L[1[1[1[1[2/163]2]2]2]2]2] has level B(Qustl),
[L[1[1[2[1[1/161/162]2]2]2]2]2] has level 6(Qys2),
L1121 [A[1he2/62]2]2]2]2]2]2] has level B(Qus5"Qus),
[L[1[1[1[1[2[1/263]2]2]2]2]2]2] has level B(g(Qust1)) = B8(Buws(1)),
[MAM[A[A[[1/261/62]2]2]2]2]2]2] has level 6(¢(Qust1)) = 0(Bus(2)),
[L[1[1[1[1[1[1[2/362]2]2]2]2]2]2]2] has level B(8,s5(w)),
[L[I[1[A[1[2[2[1/62/362]2]2]2]2]2]2]2] has level B(Qys+1),
[TI[I[A[1[1[2[1[2/362/462]2]2]2]2]2]2]2]2] has level B(Qus+2),
[LT[1[1[2[1[1[2/172]2]2]2]2]2]2] has level 8(Qys),
[L[1[1[2[1[1[2[2/182]2]2]2]2]2]2]2] has level B(Qy7),
[TI[1[A[1[1[2[1[2/192]2]2]2]2]2]2]2]2] has level B(Qus).

The sequence of separators starting with the last three has limit ordinal 8(Qg»).

In general, with m+n-1 pairs of square brackets (m = 3, n = 2),
AA[...[A1 [/ man2/mn2]2]...]2] 2] has level B(Qun-1)+m-2)-
With n pairs of square brackets (n = 2),
[L[2[...[2[1/h12/,2]2]...12] 2] has level B(Qn.1),
[A[1[...[1[2/1n2] 2] ...12] 2] has level B(Qgyn-1))-
We can deduce that the /i, , symbol is associated with the generation of the Qn.1)+m-1 Uncountable
ordinal (n = 2) or Qn, uncountable ordinal (n = 1) within the 6 function.

An (m, n)-hyperseparator is either a /;, , symbol or contains at least one /m+kn, Symbol inside k pairs of
square brackets or at least one /1 n+; symbol or (1, n+1)-hyperseparator inside k+1 pairs of square
brackets (with the highest of the layers having an m+k subscript), for some value of k — but at every
value of k there are no /m+kn Symbols inside fewer than k pairs of square brackets or /; n+1 Symbols or
(1, n+1)-hyperseparators inside fewer than k+1 pairs of square brackets (with the highest of the layers
having an m+k subscript).
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Putting it another way, a /, , symbol is an (m, n)-hyperseparator, /n, , enclosed by k pairs of square
brackets is an (m-k, n)-hyperseparator (m > k), /m n enclosed by m pairs of square brackets
(subscripted by k at the bottom) is a (k, n-1)-hyperseparator (n = 2), /y, , enclosed by m pairs of square
brackets (with no subscript at the bottom) is a (1, n-1)-hyperseparator (n = 2). A /r, , Symbol enclosed
by m pairs of square brackets (subscripted by m, at the bottom), enclosed by m, pairs of square
brackets (subscripted by m3 at the bottom), ..., enclosed by m,_; pairs of square brackets
(subscripted by mj, at the bottom), enclosed by m,, pairs of square brackets is a normal separator
(O-hyperseparator).

The recursive definition of an (m, n)-hyperseparator is that it is either a /r, , symbol or contains either
an (m+1, n)-hyperseparator as the highest hyperseparator in its ‘base layer’ or is subscripted by m
and contains a (1, n+1)-hyperseparator as the highest hyperseparator in its ‘base layer’. Square
brackets may only have a subscript appended to the inside of the closed bracket when the lowest
layer contains a (1, n+1)-hyperseparator as highest hyperseparator for some positive integer n. In
order to illustrate this, [X ] is only possible when the hyperseparator of highest order in the bottom
layer of the string X is a (1, n+1)-hyperseparator (for some n = 1). This is because bracket subscripts
are only created by defining /mn = [1 /1 n+1 2 m] (for m 2 1, n 2 1) — the lowest in the family of [X ]
separators directly containing a (1, n+1)-hyperseparator; the other members of the family eventually
‘reduce’ to the lowest one, which ‘drops down’ to /r, b by application of Rule A5. Separators such as
[1/h2m]or[1/kna 2 m] (k22)are illegal as they are undefined in the notation.

The system of t-counters now requires an overhaul. Instead of t, (with a transfinite) counting the
number of consecutive a- or higher hyperseparators of [A; ;] as i increases, we will have t, (with r
always finite) counting the number of successive hyperlevels above a certain rank. | now define

[mi, mi*] to be the hyperlevel of the [A; ;] separator (with [m;, mi*] expressed as a 2-entry linear
separator array), i.e. [A;p] is an (m;, mi*)-hyperseparator. Rule A5 begins with i =1 and t; = 0. Every
time Rule A5b is executed ([m;, mi*] = [1]), r is taken to be one more than the number of arrays

[m;, m*] (for 1 <j <i) that are ‘less than or equal to’ [m;, mi*] (a number between 1 and i), a ‘copy flag’
(f, initially at 0) is set to 1 if [m;, m;*] = [m;, m;*] for at least one value of 1 <j <i, and the t-counters
from t; to t, are increased by 1 (with t, set to t..; instead if f = 1), while the t-counters from t,; to t; are
reset to 0 (and we set a new t-counter, ti+; to 0, which becomes the new t; when i is incremented by
1). Thus, t, represents the rth lowest out of the first i separators of [A; ;] (lower than the (r+1)th lowest
but may be identical to the (r-1)th lowest). When Rule A5a or A5a2 (with //,, replaced by /m m+ (M* 2 2))
is executed, we take r to be one more than the number of arrays [m;, m*] (for 1 <j <i) that are ‘less
than’ [m, m*], and set s = i-t;.

Rules A5a, A5a2 and A5a3 can actually be combined into a revised Rule A5a now. The complete
Rule A5 is as follows:-

Rule A5 (Rules Al1-4 do not apply, first entry is 0, separator immediately prior to next non-1 entry (c;)
is [Asp.):

‘@<0[A11] 1 [A12] ... L[A ] C1# #H> D' ="a S #H b,
where p; 2 1, each of [Aj] is either a normal separator or 1-hyperseparator, #; contains no 2- or
higher order hyperseparators or subscript in its base layer and #* is either an empty string or subscript
or begins with a 2- or higher order hyperseparator.
Setito 1 and t; to 0 and follow Rules A5a-c (a, a* and c¢ are terminal, b is not).
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Rule A5a (separator [A;p] = /mm+ where m =2 1 and m* = 1):
Setrto 1. For each j from 1 to i-1, increment r by 1 when either mj* < m*, or mj* = m* and m; <m.

S = it

h = EndSub('#s’) (subscript at the end of #,, this is 1 by default),

#*s = DelEndSub(‘#s’) (identical to #s but with the end subscript (h) deleted),
#n,s = ‘H#*¢ hibn (1 <n<b,m=1m*= 2),

H#ok = ‘H (1<n<b,s<k<i exceptk=s,m=1,m*22),

Si = ‘Rb,i,-

For1<n<bands<k<i,
Rni = ‘b <Ai1» b[Ai1] b Aio» b [Aig] ... b <Aip1 b [Aipa]l b (Roae b Tmms C-1 #n),
Rnk = D «Ax 1> b [Aca] b <Ak 2> b [Ax2] ... b A paD B [Axpe1] b Rp+r> b [Axpid Ce-1 #nks
Rl,S = ‘0,.

Rule A5a* (separator [A; ] = [d #1 m], where d 2 2 and #y contains a (1, k)-hyperseparator as the
highest order hyperseparator in its base layer, where k = 2):

Si="b<Ai1> b [Ai1] b Ai2> b[Ai2] ... b <Aip1> b [Aipa] Ro [d #1ym] ci-1 #,

Ry=b R ,p b’ (n>1),

R1="b [d-1 #4 m+b-1] D'.

Rule A5b (Rule A5a does not apply, separator [A; 5] = [1 [Ais1,1] 1 [Ais1,2] -.- 1 [Aisa,pi] Civt #ival,
which is an (m;, mi*)-hyperseparator, where pj:+1 2 1, Ci+1 2 2, m; 2 1 and my* = 1):

Si=‘b Ai1> b [Ai1] b <Aio»> b [Aig] ... b A1 b [Aip.a] b Sivp b [Aip] Ci-1 #'.
Setrto 1 and fto 0. For each j from 1 to i-1, increment r by 1 when either mj* < my*, or mj* = mj* and
m; < m;; and set f to 1 when m* = m* and m; = m;.
Increment ty, to, ..., t, by 1; sett, to t,; if f = 1; reset t,iq, tro, ..., i to O; Set tj4; to O; increment i by 1
(so thati=t;+1) and repeat Rules Aba-c.

Rule A5c (Rules A5a-b do not apply):
Si =D (Aivly) b [Ai,l] b (Ai,2,) b [Aiyg] ...b (Ai,p\,) b [Ai,p.] Ci-l #i'-

The 6(Q,"Q3) level separator on page 11 has a sequence of five [A; ;] separators, as follows:

[Ar1]=[1[1[1[1/32/222]2,]2 /22 2] 2], [my, my*] = [1],
[A21]=[1[1[1/32/222]22]2/32 2], [m2, mx*] =1, 2],
[Aza] =[1[1/32/222] 2], [m3, m3*] = [2],
A1l =[1/32 15, 2], [mg, mg*] = [1, 2],
[Asa] =13, [ms, ms*] = [3].

We start with i = 1 and t; = 0. By the first application of Rule A5b, we have r=1 and f = 0, and so,
t; = 1 ([1] counter), t, = 0 (new counter).
By the second application of Rule A5b (i = 2), we have r =2 and f = 0, and so,
t; = 2 ([1] counter), t, = 1 ([1, 2] counter), t3 = 0 (new counter).
By the third application of Rule A5b (i = 3), we have r =2 and f = 0, and so,
t; = 3 ([1] counter), t, = 2 ([2] counter), t3 = 0 ([1, 2] counter), t4 = 0 (new counter).
By the fourth application of Rule A5b (i = 4), we have r =4 and f = 1, and so,
t; = 4 ([1] counter), t, = 3 ([2] counter), t3 =t4, = 1 ([1, 2] counters), ts = 0 (new counter).
By Rule Aba (i =5), we have m =3, m*=1,r=3 and s = i-t, = 4 (s is unchanged). The t; counter is
always a [1] counter (as [my, my*] is always [1]), while the t; counter is the first counter to count
[m, m*] or beyond.
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The 8(Q,""4) level separator on pages 12-13 has a sequence of four [A; ;] separators, as follows:

[A1] =[1[1[1/122/222]21552] 2], [mg, my*] = [1],

(A1l =[1[1/122/522]2 /55 2], [m2, mx*] =1, 2],
[Aza] =[1/122/222], [m3, mg*] =1, 2],
[Aga] =112, [mg, mg*] =1, 2].

We start with i = 1 and t; = 0. By the first application of Rule A5b, we have r =1 and f = 0, and so,
t; = 1 ([1] counter), t, = 0 (new counter).

By the second application of Rule A5b (i = 2), we have r =2 and f = 0, and so,
t; = 2 ([1] counter), t, = 1 ([1, 2] counter), t3 = 0 (new counter).

By the third application of Rule A5b (i = 3), we have r =3 and f = 1, and so,
t; = 3 ([1] counter), t, = t3 = 2 ([1, 2] counters), t4 = 0 (new counter).

By Rule A5a (i=4), we have m=1 m*=2,r=2and s =i-t, = 2 (s is the same as before).

In a sequence of [A; ;] separators meeting the criteria for Rule ASb, [A; ] is always a
1-hyperseparator; [A; p,] can be either a 1-, 2- or (1, 2)-hyperseparator; the hyperlevel of [Az ]
depends on that of [A; p,] — if [Az,] is @ 1-hyperseparator, [Az ;] can be either a 1-, 2- or

(1, 2)-hyperseparator; if [Az o] is @ 2-hyperseparator, [Asz ;] can be either a 1-, 2-, 3- or

(1, 2)-hyperseparator; if [Az ] is a (1, 2)-hyperseparator, [Az ;] can be either a 1-, 2-, (1, 2)-, (2, 2)- or
(1, 3)-hyperseparator. In general, the hyperlevel of [A ] depends on those of all previous [A; ]
separators (i < k) in the sequence; [AypJ can only be an (m, n)-hyperseparator when the previous
[Aip] separators have included (j, n)-hyperseparators for all positive integers of 1 <j<m and

(1, j)-hyperseparators for all positive integers of 1 <j < n. If [Ayp] is an (m, n)-hyperseparator

(k 2m+n-1, m 2 2), then [Ai.1 p.,] is an (m-1, n)- or higher order hyperseparator. If [Ap] is a

(1, n)-hyperseparator (k 2 n, n 2 2), then [Ay.1p.] is an (1, n-1)- or higher hyperseparator. When going
through the sequence of [A; ;] separators in reverse order from, say, an (m, n)-hyperseparator, and
taking note of those of lower hyperlevels, we always pass through all of the (j, n)-hyperseparators
from j = m-1 down to j = 1, then all of the (1, j)-hyperseparators from j =n-1 down to j = 1.

Suppose that after a sequence of [A; ;] separators meeting the criteria for Rule A5b, an [Ap]
separator meets the criteria for Rule A5a with [A; ;] = /1,m+ (M* 2 2) for some final value of i 2 m*, say,
i*. If [Ai1,p.1] is @ (1, m*)- or higher order hyperseparator, there must exist a value j such that [A; ;] is a
(1, m*)-hyperseparator for some m* < j < i*-1, [A.1 p,] is an (m, m*-1)-hyperseparator (for some
positive integer m) and [Ay 5] is a (1, m*)- or higher hyperseparator for every j < k < i* (by the previous
paragraph). Otherwise, [Ai1 p.,] is an (m, m*-1)-hyperseparator (for some positive integer m) and we
take j = i*. By Rule Ab5a, t, = i*-j (number of consecutive (1, m*)- or higher hyperseparators of [A; ;] as i
increases from j to i*-1 under repeated applications of Rule A5b) and s = i*-t, = j. This means that
[As p] would be a (1, m*)-hyperseparator and [As.1 ,.,] an (m, m*-1)-hyperseparator (for some positive
integer m). For Rule A5b to have applied with i = s-1,

[As-1,pea] = [1 [Asa] 1 [As2] ... 1 [Aspd Cs #s],
where ps 2 1 and ¢ 2 2. Since neither Rule A5a nor Rule A5a* must have applied,

[As1ped] #[1 /1m+ 2 m] (as this would ‘drop down’ to /m m».1).
By Rule Aba,

h = EndSub(‘#y’),

#*, = DelEndSub(‘#y),

#ns = #*s hebn’ (1<n<b),

H#ok = B (1<n<b,s<ksi,
so, taking #s = ‘#*5 1, at least one of the following four conditions has to hold true: either ps = 2, ¢s = 3,
#*s IS non-empty or s < i*.
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If s = i*, we would have, forn > 1,

Rns = D As1) b [Asa] ... b (Aspe1 B [Aspe1] b (Rpi9 b /1me Cs-1 #%s papon’
ps = 2 would mean that [As 1] would be retained within R, s ([As 1] is a (1, m*)-hyperseparator, since
[As1] 2 [As ), while either ¢ 2 3 or #* being non-empty would result in /; m« being kept within Ry, s.

If s <i*, we would have, forn> 1,

Rns =D «As1> b[Asa] ... b (As,ps-l’) b [As,ps-l] b «Rhs+p> b [As,ps] Cs-1 #5 hapn',

Rk =D Ac1> b [Ac1] ... b Axpe1™ B [Akpea] B (R B [Akpd C-1# (s <k <i¥),

Runjie = ‘D A 1> b [Aix 1] ... b A it B [Airpa] b (Rpp9 b /yme Ci-1 #iv'.
Any one of ps 2 2, ¢s 2 3 or #* being non-empty would lead to the retention of either [Ag 1] or [As ]
within R, s. But even if ps = 1, ¢cs = 2 and #*s is empty, the fact that [As ] is a (1, m*)-hyperseparator
and [Ax 1] 2 [Axpd (for all s <k < i* and py 2 2) would still mean than the equivalent of at least one
(1, m*)-hyperseparator would be left within R, s via higher order hyperseparators within the R, x strings
for s <k <i* unless

[Ac1] = [1 [Ak+14] 2] (forall s <k <i*).
But this is impossible, since [As:1 1] is either a (2, m*)- or (1, m*+1)-hyperseparator; [As+2,1] is either a
(3, m*)-, (2, m*+1)- or (1, m*+2)-hyperseparator; etc.; and [Ai 1] = /1 m+ (& (1, m*)-hyperseparator).

It follows that a minimum of one (1, m*)-hyperseparator would always be contained within the Ry, ¢
string building function in any case. This means that Rule A5a with [A; p] = /3,m+ (M* 2 2) would always
entail nesting through a series of (h+b-n, m*-1)-hyperseparator angle brackets whenever the Ry, ¢
string is built, where h is the subscript at the end of the #; string (1 by default). This starts with the Ry, ¢
string nesting through (h, m*-1)-hyperseparator brackets and finishes with the R, s string nesting
through (h+b-2, m*-1)-hyperseparator brackets (as Ry s = ‘0’). This system, in fact, optimises the
diagonalisation of the notation and, hence, the growth rate of the numbers produced using the
notation.

Note that Rule A5a* with [A; ;] = [2 /1« 2 m] (the string #4 contains the lowest (1, k)-hyperseparator),
would mean that Ry = ‘b [1 /1 k 2 m+b-1] B* = D /msp-1k-1 B’. By setting m = 1, we achieve Ry = ‘b /p 1 b,
which is how the /1 x symbol is reduced to the /, k.1 symbol.

Rule A3 is changed as follows:-

Rule A3 (last entry in any 1-space or higher dimensional space of array is 1):
ad[AlTmpwb ="ad# b
When [A] is an (mq, my)-hyperseparator, [B] is an (ny, ny)-hyperseparator and either m, < ny; m, = n,
and my < ng; or my = ny, my = ny and level of [A] is less than level of [B],
‘ad[A]1[B]#5 b ="ad#[B]#Db.
Remove trailing 1’s.

I can now expand the double subscript in the slash symbol so that it too becomes an array in its own
right. The single slash with no subscripts has an infinite number of pathways, since
I=[112]=[1h22]=[1/1122]=[1/11122]=....
When there are k subscripts, the (nq, ny, ..., ny)-hyperseparator slash symbol
/nl,nz ..... ne = [1 /n1+1,nz,n3,...,nk 2]
=1 /1 np+1ns,ni 2 nal

[1 /l,l,n3+l,n4 ..... Nk 2 m,nz]

=[1 /11, 1001 2 nunayenial (with k-1 1's)
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=[1/11..12 2 nina,..nid (with k or more 1’s)
requires a minimum of ny+n,+...+n,-(k-1) pairs of square brackets around it in order to turn in into a
normal separator and be used in the ‘base layer’ of a curly bracket array. This is known as the
Taxicab Rule, in that a separator with a particular hyperlevel requires a greater number of pairs of
square brackets than the taxicab (or city-block or Manhattan) distance of the hyperlevel, which is
determined by summing the entries (when reduced by 1) of the hyperlevel (when expressed as an
array). All 1-hyperseparators have a hyperlevel taxicab distance of zero.

The slash itself in the above equalities (other than the last one) may be substituted by a separator
array that contains at least one (1, 1, ..., 1, ry, 1o, ...)-hyperseparator (with at least k 1’s and r; 2 2) in
its ‘base layer’, for example,
X1 am Y nuneond = [ X /11 0m Y 10041040 2 nunal
(with k 1’s prior to m = 2; X and Y are strings either side of /11 .. 1.m).

The 6(Qun) level separator
{a,b[1[2/1122]2]12}={a<0[2/1122] 2> b}
={adbc..bdb/ipb b>..>b b b}
(with b pairs of angle brackets).
This is equivalent to
{fa,b [1[2[...[2[1/1p1,2]2]...12] 2] 2} (with b pairs of square brackets).

In general, with k 1’s in the subscript,

fa,b[l[c/i1,..122]2]12}={a<0[c /11, 122]2> b}

={adbdc...bd[c1/11. 1221 1p]b>b>..>b> b b}
(with b pairs of angle brackets and k-1 1's'in 1 1p).

When ¢ = 2, the separator [1/11..1221,.1p] ‘dropsdown’to/; 1p (Withk-11'sing  1p).
Separators with treble subscript slashes begin as follows:

[1 [2/1122] 2] haslevel 6(Qyn),

[1 [2/1122] 3] has level B8(81(Qun2), 1),

[1 [2/1122] 1/2] has level 8(8;(Qu)+1),

[1[2/1122] 1 [2/1122] 2] has level 8(01(Qy2)2),

[1[2 [2/1122 5] 2] 2] has level 8(81(Qyn)w),

[1[1[2/1122]2 [2/11222] 2] 2] has level 8(81(Qu)"2),

[L[1/,2 [2/11225] 2] 2] has level 8(g(01(Qyn0)+1)),

[1[1[2/1225]2 [2/1122 7] 2] 2] has level 8(B81(82(Qu), 81(Qun2)+1)),

[1[1[1[2/1,32]122]2 [2/12222] 2] 2] has level 8(81(82(Qu2), 81(Qur2)+1)),

[L[1[1[1[2/142]12]12,]2 [2/1122 5] 2] 2] has level 8(01(02(Qy3), 81(Qur2)+1)),

[1[1 [2/1122 2] 3]2] has level 8(82(Qn2), 1),

[1[1[1 [2/11223] 3]2]2] has level 8(83(Qun), 1),

[L[1[1[1 [2/11224] 3]2]2]2] has level B8(84(Qun2), 1),

[1[2 [2/122212] 2] 2] has level 8(8,(Qur), 1) (2111221 =[1[2/122212] 2)),

[1[1/22 [2/112212] 2] 2] has level 8(8,(Qur2)+1),

[1 [1 [2 /1'3 2] 2 [2 /1’1'2 2 1'2] 2] 2] has level G(Gw(QwA2)+9w(Qw2)),

[1[1[1[2/142]2]2 [2/112212] 2] 2] has level B(8u,(Qun2)+0u,(Quws)),

[1[1 [2/112212] 3]2] has level 8(8,(Qu2)2),

[1[1 [2/112212] 1 [2/112212] 2]2] has level 8(8u(Qu)"2),

[1[1[2 211122 22] 2]12]2] has level 8(8u(Qu) w),

[L[1[1/122 [2/112222] 2]12]2] has level 8(8u(Qu2) Qu),
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[L[1[1 [2/112212] 2 [2/112222] 2] 2] 2] has level 6(0,)(Qu2)"0u(Qur2)),

[1[1[1/222 [2/112222] 2]2] 2] has level B(g(Bu(Qur2)+1)) (l22=[L1322)]),
[1[1[1[2/132,]2 [2/112222] 2]2] 2] has level 8(8y(0u+1(Quw2), 0u(Quwr2)+1)),
[T[1[1[1[2/142]122]2 [2/112222] 2]2] 2] has level 8(0(0u+1(Qus), Bw(Quwr2)+1)),
[L[1[1 [2/112222] 3]2]2] has level 6(By+1(Qun2), 1),

[L[1[1[1 [2/122232] 3]12]2]2] has level 8(By+2(Qunr), 1),

[L[I[1[2[1 [2/112242] 3]12]2]2]2] has level B(6,+3(Qur2), 1),

[1[1[2 [2/112213] 2]2] 2] haslevel 6(0u2(Qur2), 1) (27112210 =[1[2 /1,122 1n4+1] 2]),
[L[1[1 [2/122213] 3]2] 2] has level 8(By2(Quwr2)2),

[L[1[1 [2/112213] 1 [2/112213] 2] 2] 2] has level 8(042(Quwr2)"2),

[L[1[1[1/232 [2/112223] 2]2] 2] 2] has level 8((Bu2(Qur2)+1)),

[L[1[1[1 [2/122223] 3]12]2] 2] has level 8(By2+1(Qun2), 1),

[T[I[I[1[1 [2/112233] 3]2]2]2]2] has level 8(Buw2+2(Qur2), 1),

[L[1[1[2[1[1 [2/112243] 3]2]2]2]2]2] has level 8(By2+3(Qun2), 1),

[L[1[1[2 [2/112214] 2] 2] 2] 2] has level B8(8uy3(Qur2), 1),

[T[I[1[1[2 [2/112215] 2]2]2] 2] 2] has level 6(6ua(Qur2), 1),

[L[I[1[2[1[2 [2/112216] 2]2] 2] 2] 2] 2] has level B(Buws(Qur2), 1).

Beyond the [2 /112 2 mn] family, | achieve
[1[3 /112 2] 2] has level B(Qurp, 1),
[L[1/2/11,2]2] has level 8(Qur, Q),
[L[1/22/1122]2] has level 8(Qur, Qo).
[1 [1 [1 /32 /1'1’2 2 2] 2 /1'1’2 2] 2] has level G(Qw/\z, Qg),
[1 [1 [1 [1 /4 2 /1,1,2 2 3] 2 /1’1'2 2 2] 2 /1'1’2 2] 2] has level e(le\z, Q4),
[L[1/122/1,2]2] has level 8(Qur, Qu),
[A[1[1/22/112212]2/1122]2] has level 8(Quno, Qu+1),
[A[A[1[1/322/112222]12 /1122122112 2] 2] has level 8(Qun, Qu+2),
[1[1[1/132/112212]2/1122]2] has level 6(Qurz, Qu2),
[1 [1 [1 [1 /2’3 2 /1,1’2 2 1'3] 2 /1'1'2 2 1'2] 2 /1'1’2 2] 2] has level e(le\z, Qw2+1),
[1 [1 [1 [1 [1 /3,3 2 /1’1,2 2 2'3] 2 /1'1’2 2 1’3] 2 /1’1'2 2 1’2] 2 /111,2 2] 2] has level G(le\z, Qw2+2),
[L[A[1[1/142/112213]12N112212]2/1122]2] has level 8(Qun, Qua),
[A[A[A[1[1/152/112214]2/112213]12/112212]2/1122]2] has level 8(Qun, Qua).

[1 [1/1123] 2] has level 8(Qurotl),
[1 [1/1123] 3] haslevel 6(81(Qurp+1), 1),
[1 [1 /1'1’2 3] 1 [1 /1’1'2 3] 2] has level 6(61(QwA2+1)2),
[1[1 [1/1123] 2 [1/11232] 2]2] has level 8(81(Qur+1)"2),
and, taking a = 0;(Qr+1)+1,
[1[1/,2 [1/112352] 2] 2] has level O(g,),
[1[1 [2/10227] 2 [1/11237] 2] 2] has level 8(81(82(Qur), ),
L1 [1/mW2/11225] 2 [1/11232] 2]12] (1<n<3) haslevel 8(81(02(Qunr, Qn), 0)),
[1 [1 [1 [1 /4 2 /1'1’2 2 3] 2 /1'1’2 2 2] 2 [1 /1’1’2 3 2] 2] 2] has level e(el(ez(lexz, Q4), G)),
[1[1 17122011222 2 [1/11232] 2]2] haslevel 8(81(02(Qur2, Qu), ),
[1 [1 [1 /2’2 2 /1'1’2 2 2] 2 [1 /1’1'2 3 2] 2] 2] has level 6(61(62(QwA2, Qw+1), G)),
[1 [1 [1 [1 /3’2 2 /1,1’2 2 2’2] 2 /1’1'2 2 2] 2 [1 /1'1'2 3 2] 2] 2] has level e(el(ez(QwAz, Qw+2), G)),
(11 [1[1/132/112222]2/11222] 2 [L/1123 2] 2] 2] has level 8(01(82(Qunr2, Qu2), 1)),
1A [A[1/h3211222212/11222] 2 [1/11232] 2]2] has level 8(01(82(Qur2, Qu2+1), @)),
[1[1 [A[1[1/242/1102223]12/112222]2/11222] 2 [1/11232] 2] 2] has level
B(81(02(Qur2, Qu3+1), Q) (nesting through [ » n] brackets),
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[L[1 [1/1123 2] 3]2] has level 6(62(Qynt+1), 1),

[L[1[1 [1/11233] 3]12]2] haslevel 8(83(Qurntl), 1),

[1[1 [1/112312] 3]12] haslevel B(6,(Qurptl), 1),

[L[1[1 [2/112313] 3]2] 2] has level 8(Bu2(Quratl), 1),

[1 [2/1123] 2] has level 8(Qurotl, 1),

[1 [1/1124] 2] has level B(Qurnt2),

[L[1/1121/1122]2] has level 8(Qyn2),

[1 [1 /1’1'2 1 /1’1’2 1 /1'1’2 2] 2] has level e(le\zAZ),
[L1[1[2/5122]2] 2] has level 8(Qun"w),
[L[1[1/1122/5122]2]2] has level 8(Qun"Qyn),
[L1[1[1/5123]2] 2] has level B8(g(Qurtl)) = 6(6,m2(1)),
[1[1[1/2121/2122]2]2] haslevel 8((Qurtl)) = 8(Buwr2(2)),
[L[1[1[2/3122]2] 2] 2] has level B(B,n(w)),
[L[1[1[1/2/3122]2]2] 2] has level 8(8y»(Q)),
[L[1[1[1/1122/3122]2]2]2] has level 8(8ym(Qur2)),
[L[1[1[1/2122/3122]2]2]2] has level B(Qunr+1),
[1[1[1[1/3123]2]2]2] has level 8(e(Qura+1+1)) = B(Byyn2+1(1)),
[L[1[1[1/3121/3122]2]2]2] has level 8({(Qun+1+1)) = B(Byn2+1(2)),
[L[1[1[2[2/4122]2]2] 2] 2] has level B(Byr+1(w)),
[L[1[1[2[1/31221/4122]2]2]2]2] has level B(Qyn0+2),
[L[1[1[2[1[2/422215122]2]2]2]2]2] has level B(Qunro+3).

[1[1[2/1222] 2] 2] has level 8(Qur+w) (lin2=[1 11012 2]),
[L[1[8/1222] 2] 2] has level 8(Qurz+y, 1),

[L[1[1/1122/1222]2]2] has level 8(Qur+w, Quwr),

[1 [1 [1 /2’1’2 2 /1,2’2 2] 2] 2] has level G(Qw,\2+w, Qu)’\2+1),

[1 [1 [1 [1 /3’1,2 2 /1’2,2 2 2] 2 /1'2'2 2] 2] 2] has level G(QwA2+w, Qu)’\2+2),
[L[A[2[1[1/4222012223]2/12222]2/1222]2]2] has level B(Qurz+w, Qurz+s),
[L[1[1/1223]2]2] has level 8(Qur+ptl),

[1 [1 [1 /1’2’2 1 /1,2’2 2] 2] 2] has level G(Qw,\2+w2),
[L[1[1/1222/122111222]2]2] has level B(Qur+u,"2),

[1[1[1[2/2222]2] 2] 2] has level B(Qun+n" W),

[1 [1 [1 [1 /1’2,2 2 /2’2,2 2] 2] 2] 2] has level G(QwA2+w"QwA2+w),
[L[1[1[1/2223]2]2]2] has level 8(e(Qur+wtl)) = 8(Buwrz+w(1)),
[L[1[1[1/2221/2222]2]2]2] has level B({(Qur+wtl)) = 8(Buwrz+u(2)),
[L[1[1[2[2/3222] 2] 2] 2] 2] has level B(Byn+w(Ww)),
[L[1[1[2[1/2222/3222]2]2]2]2] has level B(Qun2+p+1)s
[L[1[1[2[1[1/322214222]2]2]2]2]2] has level B(Qur2+w+2),
[LT[A[A[A[1[2[L/422215222]2]2]2]2]2]2] has level B(Qur2+w+3),
[1[1[1[2/1322] 2] 2] 2] has level B(Qun+u2),

[L[1[1[1[2/1422]2]2]2]2] has level B(Qur+w3),
[L[1[1[21[1[2/1522]2]2] 2] 2] 2] has level B(Quro+wa).

[1[1[2/1,1,32] 2] 2] has level 8(Qur2)2) (l1an=[1/11n412)),
[1[1[3/11,32] 2] 2] has level B(Qury, 1),

[1[1[1/1122/1132]2]2] haslevel B(Qury, Qur2),

[1 [1 [1 /2'1'2 2 /1’1'3 2] 2] 2] has level e(Q(w/\z)z, le\2+1),
[1[1[1[1/5122/11322]12/1132]2]2] haslevel 8(Q2)2, Qurz+a),
[L[L[1[1[1/4122/11323]2/1,1322]2/11,32]2]2] has level 8(Qurz)2, Qun2+3),
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[1[1[1/1222/1132]2] 2] haslevel 8(Qur)2, Qur+w),
[1[1[1[1/2222/113212]2/1132]2]2] has level B(Qu2)2, Quurz+w+1),
[A[1[1[1[1/3222/113222]2/113212]2/1132]2]2] has level 8(Qur2)2, Qurz+w+2),
[L[1[1[1/1322/113212]2/1132]2]2] has level 8(Qur2)2, Quuro+w2),
[A[L[A[A[1/1422/113213]2/113212]2/11,32]2]2] has level 8(Qur2)2, Qurz+w3),
[1[1[1/1,133]2] 2] has level 8(Qurptl),
[1[1[1/1131/11,32]2]2] haslevel 8(Qur2)2),
[1[1[1[2/21,32]2]2]2] has level 8(Qur2)2 w),
[1[1[1[1/1132/2132]2]2]2] has level 8(Qur2)2"Qur2)2),
[1[1[1[1/21,33]2]2]2] haslevel B(e(Quurz)2+1)) = 8(Bw2)2(1)),
(1[1[1[1/2131/2132]2]2]2] has level B(3(Qur2)2+1)) = B(Bwr2)2(2)),
[1[1[1[1[2/31,32]2]2]2]2] has level 8(8(yr2)2(w)),
[A[A[1[1[1/5132/31,32]2]2]2]2] has level 8(Qr2)2+1),
[L[1[1[1[1/31,33]2]2]2]2] has level 6(e(Qur)2+1+1)) = 8(B(wr2)2+1(1)),
[A[A[1[1[1[1/3132/4132]2]2]2]2]2] has level 8(Qr2)2+2),
[A[A[I[1[1[1[2/s232/5132]2]2]2]2]2] 2] has level 8(Qqunry2+3),
[1[1[1[2/1232]2]2]2] haslevel B(Qur2)2+w),
[1[1[1[3/1232]2]2]2] has level 8(Qur2)2+ws 1),
[1[1[1[1/1233]2]2]2] haslevel B(Qurp+wtl),
[A[1[1[1/1231/1232]2]2]2] has level B(Qur2)2+w2),
[A[A[1[1[1/1232/2232]2]2]2]2] has level 8(Qur2)2+w"Qwr2)2+w),
[A[1[1[1[1/3233]2]2]2]2] has level 8(e(Quur)2+wt1)) = 8(8(wr2)2+w(1)),
[1 [1 [1 [1 [1 [1 /2'2'3 2 /3’2'3 2] 2] 2] 2] 2] 2] has level G(Q(wA2)2+w+1)1
[LT[A[L[1[1[1[1/3232/4232]2]2]2]2]2]2] has level B(Qur2)2+w+2),
[1[1[1[1[2/1332]2]2]2]2] haslevel 6(Qur2)2+w2),
[LT[1[1[1[1[2/1432]2]2]2]2]2] has level B(Qur)2+w3),
[T[A[1[1[1[1[2/1532]2]2]2]2]2]2] has level B(Quwr)2+wa)
[1 [1 [1 [2 /1']”4 2] 2] 2] 2] has level e(Q(wAz)g),
[T[1[1[1[2/1152]2]2]2] 2] has level 8(Qr2)4),
[T[1[1[1[1[2/1162]2]2]2]2]2] has level B(Qyn2)s).

The sequence of separators starting with the last three has limit ordinal 8(Q,»3).

Replacing [2 /1122 mn] bY [2 /11,12 2 m,n] in the list of separators on pages 29-30 entails changing
each Qg in the associated ordinal levels to Q3. Significant examples are as follows:

[1[2/11122] 2] has level B(Quns),

[1 [2/11122] 3] has level 8(81(Qqn3), 1),

[1 [2/11122] 1/2] has level 8(81(Qun3)+1),

[1 [2 /1'1’1’2 2] 1 [2 /1'1’1’2 2] 2] has level e(el(QwA3)2),

[1 [1 /2 2 [2 /1’1'1,2 2 2] 2] 2] has level 8(8(91(QwA3)+1)),

[1[1 [2/11122 2] 3]2] has level 8(82(Qus), 1),

[L[1[1 [2/11122 3] 3]2] 2] has level 8(B3(Quns), 1),

[1[2 [2/1112212] 2] 2] has level 8(0y(Quns), 1) (2111221 =[1[2/1112212]2)),

[L1[1[1 [2/1212222] 3]2]2] has level B(8u+1(Qug), 1),

[L[1[1[2 [2/1112232] 3]2]2]2] has level 8(8uy+2(Qunz), 1),

[1 [1 [2 [2 /1’1'1,2 2 1,3] 2] 2] 2] has level G(ng(QwA3), 1),

[A[A[1[2 [2/1112214] 212]2]2] has level 8(8us(Qurs), 1),

[1 [1 [1 [1 [2 [2 /1’1'1'2 2 1'5] 2] 2] 2] 2] 2] has level 9(9w4(QwA3), 1)
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A treble subscript to the closed bracket of [2 /1 1 1 2 2] leads to
[1[2 [2/11122112] 2]2] has level 8(8uw2(Quw3), 1) ([2/1,1122]=[1[2/111221,12] 2]),
[L[1[1 [2/11122212] 3]2]2] has level 8(Byr+1(Qurs), 1),
[L[1[1[1 [2/11122312] 3]12]2]2] has level 8(Byn2+2(Quns), 1),
[1[1[2 [2/11122122] 2]2]2] has level 8(Byr+w(Quns), 1),
[L[1[1[2 [2/11122132] 2]12] 2] 2] has level 8(Bur+w2(Quns), 1),
[L1[1[2 [2/111221,,8] 2] 2] 2] has level 6(6(w2)2(Qura), 1),
[L[1[1[2 [2/1112211.4] 2]2] 2] 2] has level 8(8(w2)3(Qurs), 1).

Beyond the [2 /1112 2 km ] family, | achieve

[1[3/11122]2] has level B(Qyn»s, 1),

[L[1/2/11122]2] has level B8(Quns, Q),

[1[L/>2/1122]2] has level B(Qus, Qo),

[1 [1 [1 /3 2 /1'1’1’2 2 2] 2 /1’1’1,2 2] 2] has level G(lexg, Qg),

[L[1[1[1/42/121223]2/111222]2/11,122]2] has level 8(Quns, Qa),

[L[1/122/11122]2] has level B(Quns, Q).

[L[1[1/222/1112212]12/11122]2] has level 8(Qurz, Qu1),

[L[A[1[1/322/1112222]2/1112212]2/11122]2] has level 6(Quns, Qu+2),

[L[1[1/132/1312212]2/111,22]2] has level 6(Qurz, Qu2),

[L[A[A[1/142/1112213]2/1112212]2/11122]2] has level 8(Quns, Qua),

[L[A[A[1[1/152/1101221412/1112213]2 /11122 12]2/111,22] 2] has level 8(Quns, Qua),

[L[1/1122/11122]2] has level 8(Qurz, Quro),

[1[1[1/2122/1112211,2]12/1,11,22]2] has level 8(Qurz, Quaz+1),

[L[L[1[1/3122/1112221212/11122112]2/11,1,22]2] has level 6(Quns, Qurz+2),

[1[A[1/1222/11122112]12/11122]2] has level 6(Quns, Qur+w),

[1 [1 [1 [1 /1’3,2 2 /1’1,1,2 2 1’2'2] 2 /1'1’1’2 2 1’1'2] 2 /1'1'1’2 2] 2] has level Q(le\3, Qu)’\2+u)2)y

QA1 /142201112213212/11122122]12/11122 1,121 2/1,1,1,22] 2] has level
e(Qw"Ba Qw"2+w3)y

[1 [1 [1 /1’1’3 2 /1,1’1,2 2 1'1’2] 2 /1’1'1’2 2] 2] has level G(le\3, Q(w"2)2)a

[A[A[A[1/1142013122113]1 20111221121 2/11,122] 2] has level 8(Qunz, Qur2)3),

[AI[A[A[1/1152/1112211412/1112211312/11122 1121 211112 2] 2] has level
B(Qu3, Qun2)a),

[1[1/11123]2] has level 8(Quz+1),

[1[1/11121/11122]2] has level 8(Qyn32),

[1 [1 /1,1’1’2 1 /1,1’1,2 1 /1'1'1’2 2] 2] has level O(Qw,\3"2),

[L[1[2/211,22] 2] 2] has level 8(Qyns"w),

[1[1[1/11122/21122]2]2] has level 6(Quns"Quns),

[L[1[1/21123]2]2] has level B8(g(Qynat+l)) = 8(0,n3(1)),

[1 [1 [1 /2'1'1’2 1 /2'1’1’2 2] 2] 2] has level G(C(Qw/\3+1)) = G(SwAg(Z)),

[1[1[1[2/31122]2]2]2] has level 8(Byn3(w)),

[1 [1 [1 [1 /2'1’1’2 2 /3,1’1’2 2] 2] 2] 2] has level O(le\3+1),

[1 [1 [1 [1 [1 /3’1'1'2 2 /4’1'1’2 2] 2] 2] 2] 2] has level G(QwA3+2),

[L[A[1[1[2[1/41122/51122]2]2]2]2]2] has level 6(Qunz+3),

[1[1[2/121,22] 2] 2] has level 8(Qunz+w) (lini2=[1/1n+112 2)),

[L[1[1[2/13122]2]2]2] has level B(Qurz+w2),

[1[1[1[1[2/14122]2]2]2]2] has level 6(Qurz+ws),

[1[1[2/11222]2] 2] has level 6(Qurz+wn2) (l1an2 =[1 /110412 2)),

[1[1[1[2/11,322]2]2]2] has level 8(Qurz+wn2)2),

[1 [1 [1 [1 [2 /1,1’4’2 2] 2] 2] 2] 2] has level e(Qw"3+(w"2)3),
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[1[1[2/11132] 2] 2] has level 6(Qua)) (110 =[1/11,1041 2]),
[1[1[1[2/1,11.42]2]2] 2] has level 8(Qur3)3),
[1[1[1[1[2/11152]2]2]2]2] has level 8(Qu3).

The sequence of separators starting with the last three has limit ordinal 6(Qgns).

With five or more slash subscripts, | have
[1[2/111122] 2] has level 8(Qung),
[1[2/11,11,122]2] has level 8(Quns),
[1[2/11,..122]2] (withn 1’s) has level 8(Qunn).
The limit ordinal of this slash subscript notation is 8(Qgny).

In general, with k+1 slash subscripts and m+n;+n,+...+n¢-k pairs of square brackets (k = 1, nx = 2),
(L[ [1[2/mnne..n212]...]12] 2]
has level 8(Qy) (M =1), 8(Q w) (M =2), 8(Bg+m-3(W)) (M = 3);
[1 [1 [ [1 [1 /m-l,m,nz,...,nk 2 /m,nl,nz,...,nk 2] 2] ] 2] 2]
has level 6(Q"Qq) (M =2), 8(Qg+m-2) (M = 3);
LA [ mnng..n3]12]-..12] 2]
has level 8(Qq+1) (M =1), 6(e(Qq+m-2*1)) = B(Bgm-2(1)) (M = 2);
L[ [0 Tngnz.ne L imnune,..nc 21 2] .. 1 2] 2]
has level 6(Qq2) (M =1), 8({(Qa+m-2*1)) = 8(Ba+m-2(2)) (M 22);
where a = (w"k)(Nk-1) + ... + (W*2)(nz-1) + w(nz-1).

The recursive definition of an (ny, ny, ..., nk)-hyperseparator (fork 21, n; =21, n; =21 (1 <i<k)and
ng = 2 (k = 2)) is that one of the following four conditions hold:

1. ltis the /o n,,...ne Symbol.

2. Contains an (n;+1, ny, ng, ..., Ny)-hyperseparator as highest hyperseparator in its ‘base layer’.

3. Subscripted by ny,n,,...,n; and contains a (1, 1, ..., 1, Njx1+1, Nixp, Nis3, ..., NK)-hyperseparator (with
i 1's) as highest hyperseparator in its ‘base layer’, for some 1 <i < k. (When i = k-1, the hyperlevel
expression would read (1, 1, ..., 1, n+1)-hyperseparator (with k-1 1’s).)

4. Subscripted by ny,ny,...,nx and contains a (1, 1, ..., 1, 2)-hyperseparator (with at least k 1’s) as

highest hyperseparator in its ‘base layer’.

In order to find the minimum number of square brackets around an (n4, ny, ..., Nk)-hyperseparator
necessary to turn it into a normal separator, use the Taxicab Rule — take the sum of the n;’s (when
reduced by 1), then add 1. This is ny+ny+...+n+1-k pairs of square brackets. In the case of a slash
with subscript array, take the sum of the subscripts (when reduced by 1), then add 1. A pair of square
brackets with k subscripts (the last subscript being at least 2) appended to the inside of the closed
bracket is only possible when the lowest layer contains a (1, 1, ..., 1, n;+1, ny, ng, ...)-hyperseparator
(with at least k 1’s) for some positive integers n;.

Rule A5b now reads as follows:-

Rule A5b (Rule A5a does not apply, separator [Aip] = [1 [Ais1,1] 1 [Ais1,2] ... 1 [Aisa,pia] Cisa Hisal,
which is an (mj 1, mi», ..., M;q)-hyperseparator, where pis1 21, ¢iv122,9i2 1, m;;2 1 (forall 1 <j < q)
and mig 22 (q; 2 2)):

Si =D (Ai,ll) b [Ai,l] b (Ai'2'> b [Ai,z] ...b (Ai’p‘_1'> b [Ai,pi—l] b (Si+1> b [Ai,pi] Ci-l #i,-
Setrto 1 and fto 0. For each j from 1 to i-1, increment r by 1 when either g; < g; or g; = g; and there
exists a number n such that m;, < m;, and m;, = m; (for all n <k < g;); and increment r by 1 and set f
to 1 when g; = g; and mjy = m;y (for all 1 <k < q;).

34



Increment ty, to, ..., t, by 1; set t, to t,; if f = 1; reset t,iq, tro, ..., i to O; Set tjx; to O; increment i by 1
(so that i = t;+1) and repeat Rules A5a-c.

In Rule A5Db, [A, ] is always a 1-hyperseparator, so, q; = 1 and my, = 1. [A2p,] can be either a 1-, 2-
or (1,1, ..., 1, 2)-hyperseparator (with any number of 1’s), so, m,; =1 (forall 1 <j <qy, if g, 2 2),
Mg, = 2 (if g2 2 2) and my g, = 1 or 2 (if g2 = 1). [Azps] can be either a 1-, 2-or (1, 1, ..., 1, 2)-
hyperseparator (with any number of 1’s) but it can also be a 3-hyperseparator (if [A; p,] is @
2-hyperseparator), ora (1,1, ..,1,2,1,...,1,2)-or (1, 1, ..., 1, 3)-hyperseparator (with g, entries in
hyperlevel if [A; ] is a (1, 1, ..., 1, 2)-hyperseparator (with g.-1 1’s or g, entries in hyperlevel,

02 2 2)); mg; can be 2 for up to two values of j between 1 and g (including g itself), or 3 for j = qs if
Oz=0zand myq, = 2. If [Azp]isa (1, 1,...,1,2,1, .., 1, 2)-hyperseparator (with 2’s in the nth and g3
(final) entries), the possible hyperlevels of [A4,,] would be as follows:

1,

2,

,1,..,1,2 (any number of entries or 1’s),
,1,..,14,2,1,..,1,2) (2’s in the nth and gsth entries),
,2,..,4,2,1,..,1,2,1,...,1,2) (2’s in the kth, nth and qgsth entries, k < n),
,1,..,1,3,1,..,1,2 (3 in the nth, 2 in the gsth entries),
1,1,..,1,3) (3 in the gsth entry),

with 1’s making up the remaining entries. When going through the sequence of [A; ;] separators in
reverse order from an (my, my, ... , Mg)-hyperseparator, and taking note of those of lower hyperlevels,
we always pass through all of the (j, my, ..., mg)-hyperseparators from j = m;-1 down to j = 1, then all
of the (1, j, ms, ... , mg)-hyperseparators from j = m,-1 down to j = 1, then all of the (1, 1, j, my, ..., mg)-
hyperseparators from j = m3-1 down to j = 1, and so on, to all of the (1, 1, ..., 1, j)-hyperseparators
from j=mg-1 downtoj=1.

.....

#s string becomes a subscript array H = ‘hq,hy,...” and, in the case where m; =m, =... =my =1 and
My+1 = 2 for some positive integer k (previously m = 1 and m* = 2), the h+b-n subscript at the end of
the #, s string (1 < n < b) becomes the subscript array H but with the kth subscript being hy+b-n
(1,1, ..., 1, M1, Miso, ..., Mg)-hyperseparator would be contained within the Ry s function, which
would involve nesting through a series of (hy, hy, ..., hi, hitb-n, M1, Mg, Migs, ..., Mg)-
hyperseparator angle brackets.

Rules A5a and A5a* are modified as follows:-

Setrto 1. For each j from 1 to i-1, increment r by 1 when either g; < g or g; = g and there exists a
number n such that m;, < m, and m;j,, = my (foralln <k <q).

s = i-t,,
H = EndSub(‘#s’) (subscript array at the end of #;, this is 1 by default),
hx = Sub(H, k) (kth subscript of subscript array H = ‘hy,h,,..."),

#*s = DelEndSub(‘#s’)  (identical to #s but with the end subscript array (H) deleted),
s = H*s huh,... it (hietb-n), hies iz,
(1<n<b, my=1(forall 1 <j<Kk), Mg 2 2),
ok = H (1<n<b,s<k<i exceptk=s,m;=1,q22),
Si = ‘Rb,i’-

35



For1<n<bands<k<i,
Rni =D <Ai1» b [Ai1] b Aio»> b[A2] ... b Aip1» b [Aipa] b Rn1e b /nyma,...mq Ci-1 #ni's

Rk = ‘D Ak 1> b [Ag 1] b <Ak b [Ago] ... b <Ag 1> b [Axpet] b (Rpker> b [Axpd -1 #n i,
R]_’S =0.

Rule A5a* (separator [A;,] = [d #4 mym,,..], Where d 22 and #y contains a (1,1, ..., 1, r4, 1p, ...)-
hyperseparator (with k 1’s) as the highest order hyperseparator in its base layer, where k = 1 and
ry=2):

Si="'b Ai1» b[A1] b Ai2> b[A2] ... b <Aipa> b [Aip1] Ro [d#4mums.] Cirl#,

Rh='b«Rnp.p b’ (n>1),

Ri="b [d-1#y4 1. 1meba] D (with k-1 1’s in subscript).

In Rule A5a*, any of the m; for 1 <j <k and r; for j 2 2 may take the value 1 (m; = 1 for all j > k).
Subscripts and hyperlevels are written with trailing 1's removed. For example, if ny = 2 but n; = 1 for all
i>k,then /nin. = honone (X nunze.] = Xnona..ond @nd <X, > = X nnone for astring X, and an

(ng, Ny, . ) hyperseparator would be an (nl, Ny, ..., Nk)- hyperseparator If nj =1 for all i, then

be a 1—hyperseparator.

Note that Rule Aba* with #y containing the lowest (1, 1, ..., 1, rq, 15, ...)-hyperseparator (with k 1's), as
follows,

[Aipl =2 111, 1. 2 moma,..] (with k 1’s after slash and m; = 1 for all j > k)
would mean that

Ri=D [1/11, 1. 21 1meba] B (with k 1’s on left subscript and k-1 1’s on right)

=b 1 1mebinin. D (with k-1 1’s after slash),

which is how the (k+1)th subscript of the slash symbol is reduced by 1. (The kth subscript becomes
my+b-1; all other subscripts remain unchanged.)

Rule A3 is changed as follows:-

Rule A3 (last entry in any 1-space or higher dimensional space of array is 1):
‘a#[Al 1 nns,ne D' ="ad# nnyno D
When [A] is an (my, my, ..., mp)-hyperseparator, [B] is an (ny, ny, ... , Ng)-hyperseparator and either
p < q; p = q and there exists a number k such that m, < ng and m; =n; (forallk <i <p); orp=q,
m; = n; (for all 1 <i < p) and level of [A] is less than level of [B],
‘ad [Al1[B]#5 b ="a«#[B] #9 b
Remove trailing 1’s.

Subscript arrays can themselves be extended into multidimensional arrays, nested arrays or even as
advanced as ordinary separator arrays can go. The single slash without any subscripts is now
equivalent to

A/i221=1/11221=[1 /1112 2] =

M2 =i 2 =112 2] =

i@l =R hpipipim22] =122 =

[1/1[3]22] [1/1 ’22]:...:[1/1[3]1[222]_[1/1 311[2]1 22]

[MlipipE22]=[1 /1[3]1[3]1[3]2 2= hiEiEiEe 2=

[1/1[4]22] [L/i522]=[1/11522] =
Lhp2221=Qhp2221=[1hnpz222] =
[A/ipri2221 =1 hprg22]=[11ipra22]=
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A/liprirz221= 221 =2 ipriiarirz22] =y
Mlipprzea2221= A lippitrzna222l=Lhppnize226n2222] = ...,
Mlhpppresa2222l =L hpppnszua221212 2l =L hppnpninuezs2222222] = ...,
Lhppr2222l=Alhippehre2222l =1 higehrme2222] = ...,
[1/s,2]=[11s,2]=[11s;2] = ...
(with S;=1[1[2/12,2]2]2 and Sp=1[1[2/s,2] 2] 2).
In fact,
I=[1hag1ad .. 11402 2,
in all cases where each [A] is a normal separator. A subscript array, like a main array (in curly
brackets), can only contain normal separators in its ‘base layer’.

According to the Taxicab Rule, an (ny [A1] N2 [A7] ... [AK] nk+1)-hyperseparator (the lowest of which is
the /n; [as] n2 [A7] ... [Ag nies SYMboI), where each [Aj] is a normal separator, requires a minimum of
ni+ny+...+ny41-kK pairs of square brackets in order to turn it into a normal separator. This holds true
when every [A] = [1] (comma).

The generalised slash subscript array (for normal separators [Aj])
Tny [Ad] o [A2] ... [A] Nt
=1 /o1 [Ad n2 [A2] 1 [As] s [Ad] .. [A ez 2]
= [1 /1A no+ [AZ] ns [As] na [Ad] .. [Ad e 2
= [1 /1 [A1] 1 [A2] n3+1 [Az] na [A4] ... [Ak] Nk+1 2 n1 [A1] nz]

=[1 /1jag1iAd o LA N+l 2 [Ad n2 [A2] .. [Aka] nid

= [1 /S [A1] n2 [A2] n3 [A3] N4 [Ad4] ... [AK] Nk+1 2 m] ([Bl] < [Al])
=[1 /1(ag s (Ad s [Ad na[Ad]... [Ad nker 2 i [Ad] ] ([Ba] < [A2])
= [1 /l [A1] 1 [A2] S [A3] na [Aa4]... [Ak] Nk+1 2 n1 [A1] n2 [A2] n3] ([Bl] < [A3])

=[1 /1ag1Ad . 1A S Ad ks 2 na [Ad] n2 [A] .. [Aka] nd ([Ba] < [AD

= [1 /l [Al]1[A2] ... 1[A S 2 n1 [A1] n2 [A2] ... [Ad] nk+1]1
where S=“1[B4]1[By]...1[Bnm]2 (m =1, [Bj] are normal separators).
The slash itself in the above equalities (other than the last one) may be substituted by a separator
array that contains at least one (1 [A1] 1 [A2] ... 1 [Ad] 1 #)-hyperseparator (with # non-empty,
containing at least one entry of 2 or greater) in its ‘base layer’, for example,

X /ijag1iagd . 1iadtm Y no[Ad e [Ad .. [Ad nel
= [1 [x /l [A] 1 [A2] ... 1[A] 1,m Y 1 [A1] 1 [A2] n3+1 [As] na [A4] ... [Ad] nk+1] 2 n1 [A1] nz]
(with m 2 2; X'and Y are strings either side of /1 (a1 (a7 .. 1 [Ag 1.m)-

The 6(Quny) level separator
fab[l[2/1221212}={a0[2/1122]2 b}
={adbc..<b<b/; _1pb b ..>b>b>b}
(with b pairs of angle brackets and b-1 1’siin /1)
This is equivalent to
{fa,b[1[2/11,.122]2] 2} (withb 1'siin/11,..1,2).

With k 1’s in the subscript,
fa,b[1[1[2/11,.12122212]12]2}={a<0[1[2/11, . 12[222]2] 2> b}
={adbdc..bd/i 1pp20 b ..>b b b}
(with b+1 pairs of angle brackets and k-1 1’s'in 11 p),
{fa,b[1[2/11291,1,.122] 212} ={a 0 [2 /1 [211,1,..1,2 2] 2> b}
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(with b pairs of angle brackets and k-1 1’s'in 1. 1p).
If there was a chain of 1’s and [2]'s prior to the 1 ; ;1 in the subscripts of the above two arrays, this
chain would remain unchanged prior to the ; _;p in the subscripts on the right-hand side.
When X is a subscript array beginning with 1 and containing at least one entry of 2 or greater, and n is
one more than the taxicab distance of X (the sum of all entries in its ‘base layer’ when reduced by 1),

{a,b[1[1[1..[1[c/x2]2]...2] 2] 2] 2} (with n pairs of square brackets)
={a0[1[1..[1[c/x2]2]...2]2]2> b}
={abdc...bdb[c-1/x2y]b>b>..>b>bsb} (with n+b-2 pairs of angle brackets),

for some other subscript array Y (where [X] > [Y]). If ¢ = 2, the separator [1 /x 2 y] ‘drops down’ to /7
(where Z is another subscript array) since the first non-1 entry in X is beyond the entry corresponding
to the final non-1 entry in Y. Z would inherit all the entries and separators of Y plus the entries and
separators of X from the first separator in X that has no counterpart in Y, onwards (with the first non-1
entry of X reduced by 1). This implies that Y and Z would be identical when X contains a single non-1
entry of 2.

| find that
[1[2/

(212 2] 2] has level 8(Quny),
[1[2/hp
[

2 2] 3] has level 8(81(Qunry), 1),

[1 [2/112122] 1/2] has level 8(B1(Qury)+l),

[1 [2 /1 212 2] 1 [2 /1 [212 2] 2] has level 9(91(QwAw)2),

[1[1/22 [2/12722 2] 2] 2] has level 8(g(81(Quny)*1)),

[1[1 [2/11222 2] 3] 2] has level 8(82(Qunrw), 1),

[A[1[1 [2/117223] 3]2]2] has level 8(83(Qurw), 1),

[1[2 [2/11212 2 12] 2] 2] has level 8(0y(Qurw), 1) (h@22]=[1[2/122212] 2)),
[1 [1 [2 [2 /1 2] 2 2 1’3] 2] 2] 2] has level e(ewz(QwAw), 1),

[A[1[1[2 [2/11222 1,4 2] 2] 2] 2] has level 8(Buw3(Qurw), 1).

Since [2 1 212 2] = [1 [2 1 [2]2 2 1’1’___'1’2] 2], for any finite number of 1’s in 1,1,..1,2,
[1[2 [2/11212 2 112] 2] 2] has level 8(Buro(Qurw), 1),
[1[2 [2/112122 11,..12] 2]2] (withn 1'siny;  12) haslevel 8(Bum(Qunry), 1),
[1[3/11222] 2] has level 8(Qunrw, 1) (limit ordinal of above as n — w),
[1[1/2/11222] 2] has level 8(Qur, Q),
[1[1/122/11222] 2] has level 8(Quay, Qu),
[1 [1 /1’1'_.,1,2 2 /1 [2] 2 2] 2] (Wlth nlsin 1'1’__”1'2) has level G(le\w, Qw"n);
[1[1 /11272 3] 2] has level 8(Qunryt+1),
[1 [1 /1 [2]2 1/1 [2]2 2] 2] has level e(Qw/\wZ),
[L[1/12121 /12121 /122 2] 2] has level 8(Qury"2),
[L[1[2/21222] 2] 2] has level B(Qqr,"w) (2 =11 /1212 2)),
[1 [1 [1 /1 [2]2 2 /2 [2]2 2] 2] 2] has level e(le\wl\le\w)’
[1[1[1/21223]12] 2] has level B(g(Qurwtl)) = 8(Bynw(1)),
[A[1[1[1/2p22131222]2] 2] 2] has level 8(Quny+1),
[L[A[1[1[1/31n22/a1222] 2] 2] 2] 2] has level B(Qynw+2),

[1[1[2/121222] 2] 2] has level B(Qurw+w) (Iin212 = [1 11ne1 212 2)),
[1[1[1[2/1312122] 2] 2] 2] has level 8(Qury+w2),

[1[1[2/11212122] 2] 2] has level 8(Qurw+wr2) (lnan@r2 = [ Inez2 2D),s
[1 [1 [2 /1'1““’1'2 [2] 2 2] 2] 2] (Wlth nlsin 1’1““'1’2) has level G(Qw"w"'w'\n),

[1 [1 [2 /1 213 2] 2] 2] has level e(Q(wAw)g) (/1 RIn = [1 /1 [2] n+1 2]),
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[1[1[1[2/11242] 2] 2] 2] has level 8(Quwrw)3),

[1[2/1[211,2 2] 2] has level B(Qung+1)),

[1[2/11271,1,..,12 2] 2] (Withn1'sin i . 12) haslevel 8(Qurw+n)),
[1 [2 /1 [211[2]12 2] 2] has level e(le\(wz)),

[1[2/112112111212 21 2] has level B(Qunws3)),

[1 [2 /1 [211[2]...1[2] 2 2] 2] (Wlth n [2],8) has level e(Qw/\(wn)).

The most significant higher separators are as follows:-
[1[2 /11312 2] 2] has level 8(Qunrwno),
[1[2 /11412 2] 2] has level 8(Qunruwns),
[1[2 /111,212 2] 2] has level 8(Qurwrw),
[1[2/111121212 2] 2] has level 8(Quarwrwrw),
[1[2/11111.21212 2] 2] has level 8(Qurwrwrnrw),
[1[2/111/2122] 2] has level 8(Qg) = 6(Qg(1)),
[1[2/111/3122] 2] has level 8(Qe,;) = 0(Qe(1, 1)),
[1[2/1111112122] 2] has level 6(Qg,) = 6(Qq(2)),
[L1[2/11/1/112122] 2] has level 8(Qg3),
[1[2/111125,21212 2] 2] has level 8(Qgw)),
[L[2/1n/21.212122] 2] has level 6(Qry) = 8(Qe(0)),
(1211111221212 2] 2] has level 8(Qgar)),
[1[2/1nnpni2r22r022122] 2] has level 8(Qgararg)),
[L1[2/1n31212 2] 2] has level 8(Qgeq.r) = 6(Qoei(1))
(1[2/1ppnir2222]2] haslevel 8(Qeea.)) = 8(Qees2))
[L2/1nner22222]2] has level 6(Qge,(w))
LRhpuppnze22222]2] has level 6(Qgqy),
[A2hpnpnszuzzz222]2] has level 8(Qgqs),
[1[2/11112n221212 2] 2] has level 6(Qgq.)),
[1[2/1npnphs2121212 21 2] has level 8(Qgq.y),
[l [2 /1 [1[2/h122]2]2 2] 2] has level e(Qe(QwAZ)),
[l [2 /1 [1[2/h1122]2]2 2] 2] has level G(Qe(QwA3)),
(12111 2np221212 2] 2] has level 8(Qgqyn,);
[1 [2 /1 [LR2Mhni22212]2 2] 2] has level e(Qe(QEO)).

Taking S;="1[1[2/1,2]2]2 and Sp=1[1[2/s,2] 2] 2,

[1[2/s, 2] 2] has level 8(Qgq.))

[1[2/s,2] 2] has level 8(Qgqa,)):

[1[2/s;2] 2] has level 8(Qgoqgq,))-
The limit ordinal of the S, sequence, and the nested slash subscript array notation — which | will call
the Nested Hierarchical Hyper-Nested Array Notation — is 8(Qgq). This is an ordinal so huge that even
the level of the uncountable ordinal is itself uncountable!

The 6(Quaun2) level separator

{ab[12/1522]2]12}={a 0 [2/1(522] 2 b}

={adbdc..bb/1opEn b b..>b b b}
(with b pairs of angle brackets outside subscript),

where the («b) means replace the final entry by b. Since

“12b(«b)y="1Mb[2]1<Dhb[2]... 1< b[2] 11> b («b) (with b-1[2]s)
“11,,1[12]111,..,1[2] ... 1,1,.,1[2] 1,1,..,1,b° (b-1 1’s after final [2])
“1[211[2]...1[2]11,....1,b’ (remove trailing 1’s),
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it follows that
{a, b [1 [2 /1 [3]2 2] 2] 2} = {a bdbc...<bdb /1 211[2] ... 1[2] 1,1,...1.b bb...ob b b}
(b pairs of angle brackets, b-1 1 [2]'sand b-1 1’sin 11 _1p).

In the case of the 8(Qq,) level separator in {a, b [1 [2 /122 2] 2] 2}, the slash subscript array
between the pair of b’s inside the innermost angle brackets on the right-hand side would be /1 1, b ()
as this gives /1 1.1 With b-1 1’s. The introduction of the ‘left arrow’ in Rule A5a* means that a few
modifications to Rules Al, A2 and A4 are necessary in order to get rid of the arrow when the angle
brackets disappear.

The following additions are made to Rule Al:
‘a0 b («c)="c,
ahb(—c)y=‘a,a ..,a.c (with b-1 a’s).

The following additions are made to Rule A2:
‘a0 b («c)y="c,
adhb(—cy="a[l#a[l#]..a[l#Cc (with b-1 a’s),
where # begins with a 2- or higher order hyperseparator.

The following addition is made to Rule A4:
‘a1 («c)="c.

The 8(Quruny) level separator
{a,b[1[2/1n22212]2}={a<0[2 /111,22 2] 2> b}
={faddc..bdb/102bbb b ...>b b b}
={ad b .. bbb/ ppenb b ..>b b b}
(with b pairs of angle brackets outside subscript),
where ‘1< b («b) =1<b-1>b[b]1<b-1>b[b]..1<b-1>b[b]1<b-1>b («b) (with b-1[b]'s)
=1[b]1[b]...1[b]1[b-1]1[b-1]...1[b-1]...... 1[211[2]...1[2]11,1,...,1,b°
(b-1 each of [b]'s, [b-1]'s, ..., [2]'s and b-1 1’s after final [2]).

Examples of arrays with separators of higher levels are as follows:-
{a,b[1[2/111/222] 2] 2}
={a<«0[2/111/222] 2 b}
={addc..dbdlg/2bpb b ..>b b b}
(with b pairs of angle brackets outside subscript)
={fadbdc..bb/opbi. bbb . >bbbEb D b ..>b b b}
(with b-1 pairs of angle brackets in subscript),
{a,b[1[2/11pnrs222]2]2}
={a0[2/11111,32122] 2> b}
= {a b<b...b<b /1 0 [1/23]2 b («b) bby...> b b b}
(with b pairs of angle brackets outside subscript)
={fabdc..DD/1pbbdi. . bddh2bh2.obkh2blk2 bbb DD ...> b b b}
(with b pairs of angle brackets in subscript),
{fa,b[1[2/1n2h221212 2] 2] 2}
= {a <0 [2 /1 [L1[2/h22]2]2 2] 2> b}
= {a bdbc...b<db /1 0[2/122]2> b («b) bbb ..o b b}
(with b pairs of angle brackets outside subscript)
= {a bbc..bblhpop.. bbb b ...> bbb (—b) bbb .>b b b}
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(with b pairs of angle brackets in subscript).

In general, when each [A]] is a normal separator,
{a,b[1[2/1[a10A0 .. 11a02 2] 2] 2}
={a0[2/1[a)1()... 1]aq02 2] 2> b}
= {a bbc...<bb/ [A1] 1 [A2] ... 1 [Aka] 1 <AK> b («b) bbb .. >bb b}
(with b pairs of angle brackets and k 1’s),
where A is identical to A¢ except that the first entry is reduced by 1.

The ‘left arrow’ is also needed for the following separators which require a revised Rule A5a (the first
of which has level 8(Qn,t1)), though no R,k string nesting operations are required:-
{a,b[1[1/11223]2]2}={a<0[1/1223] 2> b}
= {a b <D /1 b («2) 3 /1 [212 2> by b},
{a, b [1 [1/1[2]2 1/1[2]2 2] 2] 2} = {a 0 [1 /1[2]2 1/1[2]2 2] 2> b}
= {a b < /1 [2] 2 b /1 b («2) 2> b b},
{a,b[1[1[1/1233]12]2]2}={a<«0[1[1/12353]2] 2 b}
= {a db kb <b /1 h b («2)[2] 2 3 /1 213 2> b by b},
{a,b[1[1/11212123] 212} ={a <0 [L /12122 3] 2> b}
=fabd/ig1abe2 311222 b b},
{a,b[1[1/1(323]2]2}={a<0[1/1[323]2> b}
= {a b <b /1 @ b («2) 3 /1 312 2> b b},
where ‘1< b («2)=1,1,...,1,2 (with b-1 1’s),
“1«b(«<2y="11[211[2]...1[2]1,1,....1,2 (with b-1 [2]'s and b-1 1’s after final [2]).

In general, when ¢ = 3 and each [Aj] is a normal separator,
{a,b[1[1 /1jag1iag.. 21402 €] 2] 2}
={a [l Iijag1(a.. 17492 €] 2 b}
={add /1ag1Ad .. 1A 1A Db(—2) C [1[a1[A] .. 1[Ad2 C-1> b> b},
{a,b[1[1[1 /1jag1ad..11a93 €] 2] 2] 2}
={aO[1[1 /1jag1(ad..11aq3 €] 2] 2> b}
={addd /1ag1a.. 1[Aa1 A b (2 [Ad2 C [1[Ag1[A] .. 1[ad3 C-D > by b},
where A/ is identical to Ax except that the first entry is reduced by 1.

Taking the arbitrary string S = ‘1 [B4] 1 [B] ... 1 [B] 2’, where m = 1 and each [Bj] is a normal
separator, the recursive definition of an (ny [A1] Nz [A2] ... [Ak] Nk+1)-hyperseparator (fork =20, ny = 1,
ni=1(1<i<k), ng+1 22 (k= 1) and normal separators [Aj]]) is that one of the following four conditions
hold:
1. ltisthe /n1 [A1] n2 [A2] ... [AK] Nk+1 symbol.
2. Contains an (n;+1 [A1] n2 [A2] N3 [Ag] ... [AK] nk+1)-hyperseparator as highest hyperseparator in its
‘base layer'.
3. Subscripted by ‘n; [A1] n2 [A2] ... [Ai1] N’ and contains either a
(L [A1] 2 [A2] ... 1 [A] Niw1+1 [Aiea] Nis2 [Ais2] - [AK] Nk+1)-hyperseparator or
(2 [A1] L [AZ] - L [A4] S [A] Nisr [Aira] Nisz [Aisz] ... [AK] Nk+1)-hyperseparator as highest
hyperseparator in its ‘base layer’, with [B4] < [A]], for some 1 <i<k. (Wheni =k, the
hyperseparator expressions would read (1 [A1] 1 [Az] ... 1 [Ag] nk+1+1)-hyperseparator or
(1 [A1] 1 [AZ] ... 1 [Axa]l S [Ak] nk+1)-hyperseparator.)
4. Subscripted by ‘ni [A1] na [A2] ... [A] Nk+1’ @nd contains a (1 [A1] 1 [Az] ... 1 [Ad] S)-
hyperseparator as highest hyperseparator in its ‘base layer’.
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The highest order hyperseparators in an array are slash symbols, so these are determined first,
followed by the next highest hyperseparators, and so on, down to the 1-hyperseparators. A normal
separator is a separator that cannot be defined using the above recursive definition — it is neither
subscripted nor a slash symbol, and it contains no 2- or higher order hyperseparators in its ‘base
layer’.

The slash in Rule A5a is now the generalised subscript array /y symbol, where M is of the form

‘my [B1] mz [By] ... [Bq-1] Mq,
where g 2 1, mqy 2 2 (if g 2 2) and each of [Bj] (1 <j < q) is a normal separator. It works much the same
as before when either M = 1’ or m; 2 2 as the R, s string is the same for all 1 <n < b, only that the [B|]
separators need not be [1]'s (commas). It is now so complex forg=2, m;=m,=...=my=1and
Mg+1 = 2 (for some positive integer k) that the cases [By] = [1] (comma) and [Bi] = [2] (hon-comma)
now have to be treated separately. Hence, Rule A5a now splits up into three subrules:-

Rule A5a: =2, mj=1(1<j<k), mu1 22, [B=[1].

Rule A5b: =2, m;j=1(1<j<k), Mmu1 22, [By 2[2].

Rule A5c: All other scenarios.
In the first two subrules, [Bj] = [Bj+1] for all 1 <j < k. The R string nesting operation is only required
for subrules a and c; it is not needed for subrule b as a ‘shadow’ slash subscript array /y is created,
where M* is identical to M except that the kth and final 1 becomes ‘1 <By» b («2)’ (which resolves to a
string of 1’s and separators of descending level ending with an entry of 2 after b-1 [1]'s or commas,
allowing subrule a to be used for /, as b = 2) and the first non-1 entry is reduced by 1 (so that M and
M* share the same taxicab distance). Rule A5a now requires a complex algorithm in order to find the
correct position within the subscript at the end of the Ry, s string (for 1 < n < b, based on that at the end
of the [As 1 p.,] SEparator) of the entry which increases as n decreases, as the position has to
correspond with the kth and final 1 of M — it would be very much more difficult to do this for the new
Rule A5b as we would have to resolve both a pair of angle brackets and a left arrow without exiting
Rule A5b.

The other subrules of Rule A5, previously known as subrules a*, b and ¢ now become subrules d, e
and f respectively. All of the # strings in the Angle Bracket Rules no longer include subscripts at the
end of them — these subscripts have now been indicated separately by subscript arrays N (Rules A2-4
and A6) and N;, Npx, M and M* (Rule A5). The modified and complete Angle Bracket Rules are shown
below (the Main or M Rules remain the same as in Nested Array Notation).

Bird’s Nested Hierarchical Hyper-Nested Array Notation — Angle Bracket Rules

Rule Al (only 1 entry of either 0 or 1):

a b ="a,

abb="a,a..,a (with b a’s),
‘a® b («c) =‘c,
‘ahbb(—c)y="a,a,..,ac (withb-1a’s).

Rule A2 (only 1 entry of either 0 or 1 prior to 2-hyperseparator or higher order hyperseparator):

add#ypb =2,

ad#pb="all#\a[l#\]..[L#\] & (with b a’s),
‘@ # b («c)y="c,

add#pb(—c)y="a[l#\]a[l#\] ..-a[l#\]C (with b-1 a’s),

where # begins with a 2- or higher order hyperseparator.
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Rule A3 (last entry in any 1-space or higher dimensional space of array is 1):

a#[AlT b =ad#pb.

When [A] is an M;-hyperseparator, [B] is an M,-hyperseparator and M; < My, or M; = M, and [A] < [B],
‘ad[Al1[Bl# wb ="ad[B]# vb.

Remove trailing 1’s.

Rule A4 (number to right of angle brackets is 1):

‘alAypl="12,
@A 1(«c)="c.

Rule A5 (Rules Al1-4 do not apply, first entry is 0, separator immediately prior to next non-1 entry (c;)
is [Agp.]):

‘@<0[AL1] 1 [AL2] ... L[Ap ] Ci#r# np B ="a S # np b,
where p; 2 1, each of [Aj] is either a normal separator or 1-hyperseparator, #; contains no 2- or
higher order hyperseparators in its base layer and #* is either an empty string or begins with a 2- or
higher order hyperseparator.
Setito 1 and t; to O and follow Rules A5a-f (a-d and f are terminal, e is not). (Note that i = t;+1
throughout.)

Rule A5a (separator [Aip] = /m.

where M ="1[B1]1[By] ... [Bp1] 1, m1 [C1] M2 [Cy] ... [Cqa] M,

wherep 21,921, my 22, myg=2and each of [B] (1 <j<p)and[C] (1<]<q)are normal
separators):

Setrto 1. For each j from 1 to i-1, increment r by 1 when M; < M.
S = i-t,.
The subscript array Ng = ‘ny [D4] N2 [D5] ... [Dh1] Ny,
where h 21, n, 2 2 (h 2 2) and each of [Dj] (1 <j < h) is a normal separator.
Follow 3-step algorithm (below) until the N, s string (for 1 < n < b) is determined.

Step 1: Set x and y to 1 and go to Step 2.

Step 2: If x=pandy =hthen Nys =‘ny [D1] N2 [D] ... Np-1 [Dh-1] Nptb-n'.
If x =pandy <hthen Nns="ng [D1] Nz [Dy] ... Ny.q [Dy.1] ny+b-n [Dy] Nys1 [Dy+1] ... Nhog [Dhea] N’
If x <pandy=hthen Nys="ny[Di] N2 [D3] ... Nh-1 [Dh-a] Nk [Bx] 1 [Bxsa] ... 1 [Bp_]_] b+1-n’.
If x <pandy<hthen goto Step 3.

Step 3: If [By] > [Dy] then increment y by 1 and go to Step 2.
If [By] = [Dy] then increment x and y by 1 and go to Step 2.
If [Bx] < [Dy] then N s ="y [D1] Nz [D7] ... Ny.q [Dy-a] Ny [By] 1 [Bxsa] -.. 1 [Bp]
b+1-n [Dy] Ny+1 [Dy+1] o Nha [Dh—l] r‘lh’-

We then obtain

Nb,i = ‘Ny,
Nnk = Ny’ (1<n<b,s<k<i),
Si = ‘Rb,i,-

For1<n<bands<k<i,
Rni= b <Ai1»> b[Ai1] b Ai2» b [Aig] ... b Aip1» b [Aipa] b Ruae b /v G-l # N,/
Rnk = D Ak 1> b [Aca] b Ax2> b [Ax2] ... b A1 B [Axpe1] b Rpker> b [Axpd Ce-1 #ic Noy»
Rl,S = ‘0’.
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Rule A5b (Rule A5a does not apply, separator [A; ] = /m,

where M= [Bl] 1 [Bz] [Bp.]_] 1 [Bp] ma [Cl] ms [Cz] [Cq.]_] mq’,

wherep 21,921, my 22, mg22, [Bp] 2[2] and each of [B] (1 <j<p)and[C](1<j<q)are normal
separators):

Si='bAi1» b[Ai1] b<A>D[AZ] ... b (Ai,pi—l,) b [Ai,pi—l] b /m Ci#i Im C-1# N/,
where M* =1 [By] 1 [B2] ... [Bpa] L Bp> b (—2) [Bp] My-1 [Ca] M3 [C3] ... [Cqra] M-

Rule A5c (Rules A5a-b do not apply, separator [A;p] = /m,
where M ='my [B{] my [B] ... [Bg1] Mg,
whereqz1,m;22(q22), mqg22(q22)and each of [B] (1 <j <q) is a normal separator):

Setrto 1. For each j from 1 to i-1, increment r by 1 when M; < M.
S = iy,
Si = ‘Rb,i,-
Fori1<n<bands<kc<i,
Rni =D Ai1» b[Ai1] b Ai2> b[A2] ... b Aipa» b[Aipa] bRn1e b /v C-1#
Rnk =D Ax1> b [Aca] b Ak 2> b [Ax2] ... b A pe1™ b [Akpei] B Rk b [Akpd Cl #i nis
R]_’S =0

Rule A5d (Rules A5a-c do not apply, separator [A; ] = [d #1 m], Where d 2 2 and #y contains a
H-hyperseparator as the highest order hyperseparator in its base layer,

where H="*1[Hi] 1[Hs] ... 1 [Hd] h #4+,

where h 2 2, k 2 1 and each of [Hj] (1 <j < k) is a normal separator):

Si=‘b Ai1» b[Ai1] b <Aio> b[Ai2] ... b Aipa> b [Aipa] Re [d#4m] C-1# N/,
Rn='b«Rp.p b’ (n>1),
R1="D [d-1 #H 1[H1] 1 [H2] ... 1 [Heal 1 HO b (—m+b-1)] D,

where m (which may be 1) is the kth and final entry in the subscript array M when written as
M =‘m; [Hi] mz [Ha] ... Miq [Hig] M.

Rule ASe (Rules A5a-d do not apply, separator [Aip] = [1 [Air1,1] 1 [Ais12] -0 1 [Ais1pid] Cist #itd Nieals
which is an Mj-hyperseparator, where pi+1 2 1, Ci+1 =22 and M; =2 ‘1’):

Si="b«Ai1» b[Ai1] b Ai» b[A2] ... b Aipa) b [Aipa] b «Sivp b[Ap] C-1 # N/
Setrto1andfto 0. For each j from 1 to i-1, increment r by 1 when M; < M; and set f to 1 when
Mj = Mi.
Increment ty, tp, ..., t by 1; set t, to t,; if f = 1; reset t.q, tro, ..., i to O; Set tj4; to O; increment i by 1
(so that i = t;+1) and repeat Rules A5a-f.

Rule A5f (Rules A5a-e do not apply):
Si =D (Ai,ll) b [Ai,l] b (Ai'2'> b [Ai,z] ...b <Ai,pi,> b [Ai,pi] Ci-l #i Ni"

Rule A6 (Rules A1-5 do not apply):
amn#pb =am-l#pbn#yam-1#pbn#\]..[n#nan-1#pDb
(with b ‘a <n-1 # \p b’ strings).
Notes:

1. A/ B A, A, ..., Aip, Bj, C;, Djand H; are strings of characters within separators. In Rules A3
and A5, the strings A, B, Aj 1, Ao, ..., Aip (i 2 2) may include subscripts at the end.
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10.

11.
12.

A, Ay ..., Ay, By and Hy’ are strings of characters within angle brackets that are identical to
the strings A;1, Aio, ..., Aip, Bp and Hy respectively except that the first entries of each have been
reduced by 1. If Ajj (for some 1 <j < p;) begins with 1, A;;’ begins with 0.

M, M*, N, N; and N,k are strings of characters that make up subscript arrays.

M; and H are strings of characters that describe hyperlevels (hyperseparator levels).

Si, Ry and R,k are string building functions which create strings of characters. The R functions
involve nesting the same string of characters around itself n-1 times before being replaced by the
string ‘0’.

#, #*, #;, #4 and # are strings of characters representing the remainder of the array (can be null
or empty), excluding any subscripts at the end. Here, the H and H* subscripts are labels and not
variables or strings of characters.

In Rules A5b and A5d, a ‘left arrow’ is created, which is shown within brackets next to a number
and placed to the right of an angle bracket array (with 1 and b either side), namely ‘1 <B,» b («-2)
within M* in the former subrule and ‘1 (Hy» b («m+b-1)’ within the subscript array within Ry in the
latter. The angle brackets resolve to a string of 1’s and separators (of descending level with b-1 of
each level down to the [1] separator or comma), and the final entry of 1 is replaced by the number
next to the ‘left arrow’. The arrow is finally removed along with the angle brackets immediately to
its left, using Rules Al, A2 or A4.

A Iy symbol is an N-hyperseparator. A recursive definition of hyperseparators is given on page 41.
A separator that contains no 2- or higher order hyperseparators in its ‘base layer’ is a normal
separator (or 0-hyperseparator).

The comma is used as shorthand for the [1] separator.

When a separator [A] = /y and it is necessary to find the string A’ (identical to A but for the first
entry being reduced by 1), the /y is used as shorthand for the [1 /\ 2] separator, where N* is
identical to N except that the first entry has been increased by 1. In this case, A’ = ‘0 /y« 2, which
means that ‘b <A»> b’ =‘b <0 /\« 2> b’ ="'’ (by Rule A2).

Any 2- or higher hyperseparator may carry a subscript.

The [1 /y 2 \] separator (M # ‘1’) reduces to a /x symbol, for a subscript array X, according to a
special rule (see below).

Whenever we encounter a separator of the form [1 /x 2 y] (with a slash symbol between the only two
entries of 1 and 2), where X and Y are subscript arrays and X # ‘1’, this separator ‘drops down’ to a
simple slash symbol of the form /z, where Z is another subscript array. This special rule is known as
the Dropping Down Rule.

Dropping Down Rule (separator is of the form [1 /y 2 \] with M # ‘1’, i.e. has only two entries of 1 and
2 to left and right respectively of slash subscript array, which is a 2- or higher order hyperseparator):

[1 /l [A1] 1 [A2] ... 1 [Am] Nm+1 # 2 n1 [A1] n2 [A2] ... [Ak1] nk]
= Ing [Ad] n2 [A2] ... 1 [AK] 1 [Ake] 1 [Aks2] oo 1 [Am] Nimsa-1 #0

where 0 <k <m, ny+1 = 2, each of [Aj] is a normal separator and # represents the remainder of the
slash subscript array.

When k = m, the Dropping Down Rule becomes:

[1 [1{ag1[Ad . 1[A] Mo # 2 11 [Ad 02 [A2] ... [Am] i)
= ny (A n2 [A2] ... N [Am] Nmet-1 #-

When k = 0, the Dropping Down Rule becomes:

[1 /1a011A0 .. 1 (An] nmer # 2]
=11 {A)) 1[A2] ... 1 [Anm] Nmea-1 #-
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When k = m = 0, the Dropping Down Rule becomes:
[1 /m# 2] = /nl-l#'

Trailing 1’s in subscript arrays are removed as with separator arrays and angle bracket arrays. For
example,

lgarr =1y and [X ga11] = [X 4]
When [A] < [B],

Iy 1B = le e and [X gay1eyad = [X #8142

This is my complete Nested Hierarchical Hyper-Nested Array Notation. The limit ordinal of this
notation is 8(Qq). The Extended Kruskal Theorem (Kruskal's Tree Theorem extended to labelled
trees) and Buchholz Hydras with finite numbers as labels gets us as far as the 68(Q,) level in the
fast-growing hierarchy. However, if we use trees as labels for trees, then use those trees as labels for
even larger trees, and so on, we also reach a limit of 8(Qq) in the hierarchy of fast-growing functions!

This notation works for simple nested arrays up to gq level without requiring Rules A2 and A5a-e.
These rules only become necessary when one wishes to travel beyond the following ordinals or use
the associated separators, as shown below:

Ordinal Separator Rule
€0 [1/2] A5c
o(w, 0) [L[2/,2] 2] A2
Mo [L[1/2/,2] 2] Abe
8(Quw) [1[2/122]2] A5d
0(Qu+1) [1[1/:23]2] Aba
8(Qurnt1) [1[1/11223]2] A5b

In Rule Aba, the 3-step algorithm begins initially with Step 1 (set x and y to 1), then shuttles between
the other two steps until a solution for the N, s subscript array is found. In Step 2, N, s is determined
when either x = p or y = h (reached end of either [D;] separators or [Bj] preceding final 1 and comma
prior to first non-1 entry), otherwise it moves to Step 3. In Step 3, Ny s is immediately found when the
xth B-separator of M is of lower level than the yth D-separator of Ns, or [B,] < [Dy] (as [Bj] < [Dy] for all
X <j < p), otherwise y is increased by 1 (and also x if [By] and [D,] are identical) before jumping back
to Step 2.

Two simple examples using the 3-step algorithm suffice for given subscript arrays of
M="1[B1] 1 [Bg] ... [Bp-1] 1, my [Cq] M2 [C7] ... [Cqa] M,
Ns = 'ny [D1] n2 [D2] ... [Dn.a] Ny’

Example 1:
M='1[4]11[2]1,4,4[5]2 (p =3),
Ne=11[3]2[4]3,4[2]5,6[3] 7 (h=7).

x=1,y=1:As [By] > [Dy] ([4] > [3]), increment y by 1.

x=1,y=2:As [By = [Dy] ([4] = [4]), increment x and y by 1.

Xx=2,y=3:As [By > [Dy] ([2] > [1]), increment y by 1.

X=2,y=4:As [By] =[Dy] (2] = [2]), increment x and y by 1.

x=3,y=5:As x =p and y < h, we obtain the subscript array

Nns = N1 [D1] Nz [D2] n3 [D3] N4 [D4] ns+b-n [Ds] ne [De] N7’
=‘1[3]2[4]3,4[2] b+5-n, 6 [3] 7.
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Example 2:

M="1[5]1[6]1[3]1[3]1[211,7,7[8]2 (p = 6),

Ne=‘1[5]2[3]3[5]4[4]5,6[6] 7 (h=7).

x=1,y=1:As [By] = [Dy] ([5] = [5]), increment x and y by 1.

X =2,y =2:As [By] > [Dy] ([5] > [3]), increment y by 1.

X =2,y =3:As [By] = [Dy] ([5] = [5]), increment x and y by 1.

X =3,y =4:As [By] <[Dy] ([3] < [4]), we obtain the subscript array

Nns = ‘N1 [D1] N2 [D2] N3 [D3] N4 [B3] 1 [B4] 1 [Bs] b+1-n [Dy] ns [Ds] ne [De] N7’
=1[512[3]13[5]4[3]1[3]1[2] b+1-n[4]5,6[6] 7.

Rule A5a with every [Bj] and [Dj] equal to [1] (comma) would always have x =y in the 3-step algorithm
and would achieve the following results for the N, s subscript array (1 <n <b):

Nns =Ny, N2, ..., Nh.g, Nptb-n’ (p=h)
=Ny, N2, ooy Npg, Np+D-N, Ny, N (p<h)
=Ny, Nz, ...y Ny, 1, .0, 1, b+1-0 (with p-h-1 1’s) (p > h).

Rule A5b involves neither an algorithm to calculate N, s subscript arrays nor an R, x string nesting
operation for reasons explained on page 42. Only the S; string is determined, which creates the string
‘b /m+ ci # in the space between the separators [A 1] and /y. M* is a ‘shadow’ subscript array which
‘tends to’ M as b tends to infinity. The entry to the left of /y« is b as this is ‘b 0 /y« 2> b’, where M** is
identical to M* apart from the addition of 1 to the first entry. Simple examples of arrays that use this
rule are shown on page 41.

Rule A5c is similar to Rule A5a except that M is either a single entry of ‘1’ or begins with an entry of at
least 2 and there is no algorithm to calculate N, s subscript arrays since Np s would be identical to N
for all 1 < n <b. After finding the ‘rank’ of M among the M; strings from M; to M;_ (final value of r) and
setting s = i-t; and S; = 'Ry, we jump straight to determining the R,k strings in the order shown as
follows:

Rb,i» Rb-1,51 Rb-1,5+1, -+ » Ro-1iy Rb2,ss Rb-2,s41y ooy Rb2jiy oone y Rosi Rose1, ...y Rojis Ras.
Each of the R,k strings (for 1 <n <b and s < k <i) ends with the Ny subscript array and Ry s = ‘0.

Rule A5d with the lowest H-hyperseparator within #4,

[Aipl =[2 I1 g 1Mo 1 Ha bt 2 W]
would mean that

Ri="D [1 /i[Hy1(Ha .. 1HI h#e 2 1[Ha] 1 [He ... 1 [Hial 1 HO b (emb-1)] O

=D /1 [Hi] 1 [Ha] ... 1 [Hea] 1 H> b (—meb-1) [H h-1 e D (Dropping Down Rule),

which is how the (k+1)th entry of the slash subscript array is reduced by 1. (The kth entry is
completely filled up with 1’s in the space corresponding to the separator [H], with b 1’s in each ‘row’,
b ‘rows’ in each ‘plane’, etc., and the very last of these 1’s is replaced by m+b-1; all other entries
remain unchanged.) When every [H] is equal to [1] (comma), we would have

[Aipl =[2 /11,10 # 2 W] (with k 1's)
and R1="D /1, 1,m+b-1,h1 #e O (with k-1 1’s; kth entry is ‘1 <0> b («<m+b-1)’ = ‘m+b-1’),
where m (which may be 1) is the kth and final entry in the subscript array M when written as

M =‘mq,my,....,Myg,m’.
This is similar to the old Rule A5a* for linear subscript arrays (see page 36) but with ‘h #4+
representing ‘r, rp, ... and m representing my.
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In Rule A5e, My = ‘1’ since [Aqp] is always a 1-hyperseparator. M, (hyperlevel of [A;,]) can be either
1,2 or 1 [Xq] 1 [X] ... 1 [Xp] 2'. The possible values of M3 (hyperlevel of [A3z,;]) are dependent on
the value of M, as follows:

1’ (any value of My),

‘2 (any value of M),

3 (Mp =72)),

“1Xd1[Xg] ... 1[Xp] 2 (any value of M),

LY 1[Y2] . 1[Ym] 2 [Xea] 1 [Xis2] .o 1 [Xn] 2° (M2 =1 [Xq] 1 [X5] ... 1 [Xp] 27),
X 1[Xg] ... T[Xn] 3 (M2 =1 [Xq] 1 [X5] ... 1 [Xn] 2),

with 1’s making up the remaining entries,n =1, m =2k =0 and
TIY1[Y2] oo L[Ym] L [Xis1] 1 [Kiwz] - L [Xn] 2 =1L [Xq] 1 [X5] ... L [Xp] 2.

When My (hyperlevel of [A,]) is taken to be

‘my [Bi] mz [B] ... [Bg1] My,
travelling through the M; sequence in reverse order from My to M, and taking note of those of lower
values entails passing through all of the following values of M;:

j[Bil m2 [By] ... [Bg.a] Mg (fromj=m;-1 downtoj=1),

“1[B1] j [B2] m3 [B3] ... [Bg-1] My’ (from j=mj,-1 down toj=1),

“1[B1] 1 [B2] j[Bs] M4 [By] ... [Bqal Mg (from j=ms-1 downtoj=1),

“1[B1] 1[B2] ... 1 [Bgal}’ (fromj=mg-1downtoj=1).

Can anyone beat this function with growth rate at the 8(Qg) level? It is defined as follows:
S(n)={3,n [1[2/r,2] 2] 2},

where Ri="1[1[2/r,2]2]2,
Ry ="1,2.

While S(1) = 3, the number
S =132 [1[2/i12h2212122] 2] 2}
={80[2/112hr22122]12 2}
={3«22/pn2> 2 2},
where A='1<0[2/1,2] 2> 2 («2)
1221222 («2)
“1@2/12[21,2]2122(«2)
“M1[212[21,2]1 2121 1[1/12[2/,2]2/2)1[2[2/,2]2/2)1[1[2 /, 2] 2/2]
1[2/2[2/,2]11/2)1[1/2[2/,2]1/2]1[2[2/,2]1/2] 1 [1[2 /, 2] 1/2]
1[2/2[2/;2]1211[1/2[2/,2]2]1[2[2/,2]2]1[1[2/,2]2]1[2/2]1[1/2]1[2]1,2,
which means that
S(2)={3«2[1/a2]2[2/a2]2[1/n2] 2> 2}
={3«2/2[2/52]12/2> 2} ([1 /4 2] =/ as A has single non-1 entry of 2)
={B[1/2[2/52]2/2] B[2/2[2 /5 2] 2/12] B [1/12[2 /A 2] 2/2] B},
where B='3<0/2[2/p2]2/2>2
=3@2[2/a2]2/2>2
='C[1[2/a2]2/21C[2[2/a2]2/2] C[1[2/a2] 2/2] C,
where C='3<«0[2/pa2]2/2>2
=322Ip22[2/02]11122,
where A* is identical to A except that the final ‘1,2 is replaced by ‘1 <0> 2 («2)’ = ‘2’ (Rule A5d),
which means that
C=3Q2[1/a2]2[2/a2]2[2/ax2]12[2/na2]1/2>2
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=3«2/12[2/p2]212[21p2]112>2 ([1 /ax 2] = I as A* has single non-1 entry).
It would be rather tedious to go any further — we would eventually encounter a string where there are
65,536 [2 /A 2] separators in
B@212[21,2]1212[2112]112[2/112922]1112 ... [2/a2]1112[2/p2]112 2,
where each Aj:1 is identical to A; (starting with A; = A and A, = A*) except that the ‘1 [Xi+1] 2" at the
end of A1 (taking [Xi.1] as its final separator) is replaced by ‘1 <Xj:1» 2 («2) (Rule A5d), before the
last A; contains a single entry.

The third value of the S function,
SB)={3,3 [1[2/1jnemz22212] 2} (with A="1[1[2/122] 2] 2")
={8«0[2/11112/a212122] 2> 3}
={33<«3@3 /g3 333},
where B=1<0[2/52]2> 3 («3)
="10[2/1112h222122] 2 3 («3)
=13¢3¢3 /1 0[2/,22]2 3(<3) D3 (<—3)’
=1a3a3 a3 /1 33 3/33 3 3 3 («3) D3 (<—3)’

In general,
S(N)={3««nc...<nn/g, MmN ..>mmMmn} (with n pairs of angle brackets),
where Rj='1<n<nc...<n/g, MmN ...>nm N («n) (with n pairs of angle brackets),
Ry ="n’.

Imagine how huge this number must be:
S(S(S(...S(3)...)) (with S(3) S’s).
It surely must be scraping infinity!

Author: Chris Bird (Gloucestershire, England, UK)
Last modified: 12 May 2014
E-mail: m.bird44 at btinternet.com (not clickable to thwart spambots!)
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