Beyond Bird’s Nested Arrays IV

How about extending even beyond my Nested Hyper-Nested Array Notation, which has a limit ordinal
of B(eq+1), the Bachmann-Howard ordinal? Let me introduce to you an all-new 1-hyperseparator
symbol — the black circle (e). Since the new symbol is a 1-hyperseparator (like the backslash), it
requires a minimum of one pair of square brackets around it, so the smallest separator containing e is
the [1 e 2] separator.

The 8(gq.+) level separator
{a,b[le2]2}={a<«0 e 2> b}
={addc..dbb\b b ..>b b b}
(with b pairs of angle brackets).
This is equivalent to
{fa,b [T[2[1[...[1[21\1,2]2]...12]2]2] 2} (with b pairs of square brackets),
where the separator has level 8(Q*Q Q... A0 w) (with 2b-3 Q’s).

Using the collapsing theta function (in single-argument form when the second argument is zero) for
expressing ordinals beyond the epsilon numbers, | find that the more significant separators have
ordinal levels as follows:-

[1 e 2] has level B(gq+1),

[2 @ 2] has level B(gq.1)+1,

[L[1\2] 2 e 2] has level B(gq+1)+€o,

[L[1e2]2e?2] haslevel 6(gq+1)2,

[1[1[1e2]2e2]2e2] has level 8(gq.+1)*8(Eq+1),

[1\2 @ 2] has level €(B(gq+1)+1) = 6(1, B(€q+1)t+1),

[L[1\; 3] 2 e 2] has level (B(gq+1)+1) = 6(Q, B(gq+1)+1),

[1[1\;,1\,2]2 e 2] has level 6(Q"Q, B(eq+1)+1),

[L[1[1\33]2] 2 e 2] has level 8(Q*"Q"Q, B(gq+1)+1),

[1 e 3] has level B(gq+1, 1)

(limit ordinal of B(a, B(gq+1)+1) = 6(a, B(B(gq+1), 0)+1) as a — €q.1),

[1 e 4] has level B(gq+1, 2),

[Le1[1\2]2] has level B(gq+1, €0),

[1e1[1e2]2] haslevel 6(eq.1, B(€a+1)),

[Lel[le1[1le2]2]2] haslevel B(eq+1, B(Eq+r, B(Eq+1))),

[1 e 1\2] has level B(gq++1),

[1e1[2),2]2] has level B(gq+1tw),

[Le1[1\,3]2] haslevel B(gq+1+Q),

[Le1[1\,1\,2]2] has level B(gq+1+Q"Q),

[Le1[1[1\33]2]2] has level B(gq«+QQ"Q),

[1e1e2] haslevel 8(gq+12),

[Le1le1e2] haslevel 8(gq+13),

[Lelele.. e1e2] (withn e symbols) has level B(eq+in).

With k e symbols (k = 1) and # representing the remainder of the array,
{a,b[lelele..elec#]2}={a<0elele.elec#)b}
={a«SeSe..eSeTec-1#)b},
where S=‘b\b\b\..\b (with b b’s, explained on page 3),
T=bddc..<bb\ybrb>..>b>b b (with b-1 pairs of angle brackets).



Introducing a new family of n-hyperseparator e, symbols, with e =[1 e, 2] and the corresponding
n-hyperseparator symbol e, = [1 e,; 2] in a similar mannerto\=[1\, 2] and \, =[1 \,+1 2] in Beyond
Bird’s Nested Arrays lll, | find that

[1[2 e, 2] 2] has level B(gq.+1w),

[1[1 e 2 e,2]2] has level B(eq+108(€q+1)),

[1[1[Le2e,2]2e,2]2] has level B(sq:18(€q+18(€a+1))),

[1[1\;2 e,2] 2] has level B(eq+1Q),

[L1[1\ 1\, 2 e,2] 2] has level B(gq+1(Q"Q)),

[L[1[1\33]2 e, 2] 2] has level B(gq+1(Q"Q"Q)),

[1[1 e, 3] 2] has level 8(eq+1"2),

[1[1 e, 4] 2] has level 8(eq"3),

[1[1 e, 1\ 2] 2] has level B(gq+1"€y),

[1[1 e,1e2]2] has level B(gq:1"8(Eq+1)),

[L[1e;1[1e,1e2]2]2] haslevel 6(eq:1"0(€q+1"B(Eq+1))),

[1[1e,1)\,2]2] haslevel B(gq+1"Q),

[L[1e,1)\,3]2] haslevel B(eq"(Q2)),

[1[1e,1\,1\,2]2] has level 8(gq+12Q"2),

[1[1 e, 1[2\32] 2] 2] has level B(gq:+1"Q w),

[L[1e,1[1\33]2]2] has level B(gq:+"Q"Q),

[1[1e;1[1\311\32]2]2] haslevel B(gq.1"Q*Q"Q),

[1[1e,1[1[1\43]2]2]2] has level B(gq+1*Q Q"QMQ),

[1[1 e, 1 e, 2]2] has level B(eq+1"€q+1),

[L[1 e;,1 e,3]2] has level 6(eq+1™(€q+12)),

[1[1e,1e,1 e52]2] has level B(eq+1"eq+1"2),

[L[1e,10,16e,1e,2]2] haslevel 6(eqi1eq1"3),

[1[1[2 e32] 2] 2] has level 6(eq+1™eqiiW),

[1[1[1 e 2 e32]2]2] has level 8(cq:1"eq+18(Eqs1)),

[L[1[1\:2 e32]2]2] has level B(eq+1"eq+1™Q),

[L[1[1\:1\32 e32]2]2] has level B(eq+1"eq+1"Q Q),

[L[2[1[1\3]2 e32]2] 2] has level B(gq+1"eq+1"Q*"Q Q),

[1[1[1 e533]2]2] has level B(eq+1"€q+1™Eq+1),

[L[1[1 o531 e52] 2] 2] haslevel B(eq+1™€q+1"€q+1"Eq+1),

[L[1[1]1 e43]2]2] 2] has level B(eqs1eqr1™€q+1"€q+1"Eq+1),

[1\[3] 2] has level B(gq+2) (\,is \[1], and e, is \[2],—when n=1,\is \[1] and e is \[2]),

[1\[4] 2] has level B(gq+3) (by letting e, and €q.+4 above be \[3], and gq., respectively),

[1\[1, 2] 2] has level B(gq+y),

[1\[1, 1, 2] 2] has level B(gq+wn),

[1\[1[2] 2] 2] has level B(eq+wry)s

[L\[1\2] 2] has level 6(e(Q+ey)),

[L\[1[1\;3]2]2] has level 8(e(Q+lp)),

[1\[1 @ 2] 2] has level 8(e(Q+0(gq+1))),

[L\[1\[21\2] 2] 2] has level B(e(Q+0(e(Q+¢p)))),

[L\[1\[1 e 2] 2] 2] has level B(e(Q+8(e(Q+B(gq+1))))),

[L\[1\[1\[1 e 2] 2] 2] 2] has level B(e(Q+B(e(Q+B(e(Q+B8(eq+1))))))).
The limit ordinal of the \[] bracket notation (with w nested levels of \[] brackets) is 6(gqy).

In general, when X is an array, the n-hyperseparator \[X],, = [1 \[X].+1 2]. The subscript is omitted when
it is 1, since this is the lowest value. Angle Bracket Rules A5a-b (page 24 of Beyond Bird’s Nested
Arrays ll) now apply to all backslash arrays; \ now reads \[B] and \; now reads \[B]; for any array B.



When Ay, A,, ..., A are 1-hyperseparator arrays (k 2 0) that contain the symbols \[H1]nw), \[Hzln), -

\[Hiln respectively, where each H; is the highest array within \[] brackets contained within A; and

placed within n(i) layers of square brackets (if n(i) = 1 then [A] = \[H]]); B is an array within \[] brackets

and # is the remainder of the angle bracket array (including any 2- or higher order hyperseparators),
‘@<0[A]1[A]...1[AJL\[B]c#>»b’

‘a<b<A»b[A]b A b[Ay] ... b<AM b [A] S\[B]c-1#>Db’,

where S="b<b<db<«...<bb\[Clybrb>..>bb b’ (with b-1 pairs of angle brackets, B # ‘1 #*)
=b\C b’ (B =1 #*, where #* is a non-empty string)
and A/, Ay, ..., A/, C are arrays that are identical to A, A,, ..., Ay, B respectively except that the first

entries of each have been reduced by 1 (see below for B = ‘1 #* and for backslash angle bracket
arrays). When n(i) = 1 for some 1 <i < k then [A] =\[H] and ‘b <A)> b’ = ‘b \<H;» b’. It is worth noting
that \[Hi] =2 \[H,] = ... 2 \[H,] = \[B].

The S string is different when \[B] (above) begins with 1, since \[C], cannot begin with O (as it is not an
angle bracket array). Instead, C is placed in a backslash angle bracket array, which works in a similar
way to a normal angle bracket array except that it creates backslash square (\[]) and backslash angle
bracket (\o) arrays in their places. If \[B] = \[1 #*] then S = ‘b \<0 #* b’, which evaluates further in the
examples below:
If \[B]=\[1, d #*] then S ='b \b, d-1#% b’,
if \[B]=\[1,1,...,1,d#] (withm 1’s) then S=‘b\cb, b, ..., b, d-1#*>b’ (withm b’sin\o),
if \[B]=\[1[2]d#*] then S='b\ b« b[2]d-1#*>»b,
if \[B]=\[1[X]d#*] then S='b\«b«X>b[X]d-1#>b,
if \[B]=\[1\d#*#,] then S=b\Ry#p b with R, ='b<«R,p b\d-1#” and Ry =0,
if \B]=\[L1[1\,m]d# # (m=3) then S=b«bRpb[L\, md-1# #,» b
with R, =b<«R,p b[1\; m]d-1#\, m-1" and R, =0,
if \[B]=\[L\Im#*]d#] (m=2) then S=b\«T\[m#*]d-1#*> b’
with T="b<b<b «... b <b\[m-1#*, b>b>...> b by b’ (with b-1 pairs of angle brackets),
if \[B]=\[1\[1,e#*]d#] (m=2) then S="b\«T\[1, e #*] d-1#> b’
with T ='b 0, e #™* b’ = ‘b b, e-1 #* b’,
where #* and #** are the rest of their respective backslash arrays, #4 is either an empty string or
begins with the first 2- or higher hyperseparator in the backslash array, X does not begin with 1 and a
2-hyperseparator (e.g. cannot be \ or [1 \, m]) and X’ is identical to X except that the first entry is
reduced by 1. If X begins with 1 and a 2-hyperseparator, we would need to use Angle Bracket Rules
Aba-e (pages 24-25 of Beyond Bird’s Nested Arrays Ill) in order to find S. (Rules A5c-d entail
repeating Rules Aba-e.)

The backslash angle bracket array
aindh b =akn-1#Hb\n#akn-1#Hb\n# .. \n#a\kn-1H b’
(with b ‘a \«~n-1 # b’ strings),
mirroring Rule A6 for normal angle bracket arrays. Since the k e symbols on the bottom of the first
page of this document are shorthand for \[2] symbols, each of the S strings making up the array
{acSeSe..eSeTec-1#)>b} areequal to
‘b b’ =b\0 b\[1] b k0> b \[1] ... \[1] b 0> b’ (with b ‘b \«0» b’ strings)
=b\b\b\..\b (with b b’s),
as the [1]’s are removed and ‘b \<0> b’ = ‘b’, just as ‘b <0 #» b’ = ‘b’ when # is a 2- or higher order
hyperseparator (or omitted).

When \[B] is \[1], the [1] is dropped, # splits into two and the string replacement equation becomes
‘a0 [Al] 1 [Az] 1 [Ak] 1\c ##H »b’'=‘a (Rb #H) b’,



where R, ='b<A;» b [A1] b<A> b[A;] ... b<Ad) b[A]b <Ry blc-1#,

R, =0
and #, is either an empty string or begins with a 2- or higher hyperseparator (not contained in the
base of #). This is similar to Rule A5a.

When B is a 1-hyperseparator array that contains the m-hyperseparator \[H],,, where H is the highest
array within \[] brackets contained within B and placed within m layers of square brackets (m = 2) as
follows:
[B] = [Bul,
[B] =1 [Aural 1 [Aura] oo 1 Aurien] 1 [Bioal Cos #ha] - (16 <m-1),
Bma] = [1 [Ana] 1 [An2] .. 1 [Am,k(m)] 1\[H]im Cm #m),
where k(i) 2 0, ¢; =2 2 and each of [A;j] and [Bj] is an i-hyperseparator (any of the [A;j] may be replaced
by a \[A; ] symbol, which would mean that ‘b <A;;» b’ is rewritten as ‘b \<A;;» b’, see below), the string
replacement equation becomes
@<0[A]1[A]...1[AdL1l[B]lc#>b’
=‘a<b<APb[A]b A b[A] ... b<AD b [A]b<«Sp b[B]c-1#>b,
where  S;="D Aii11> b [Air1,1] b Ais1 2D b [Airg o] ... b Aivg ke b [Aisrkirp] B Sisp> b [Bisa] Civa-1 #isd’
(1<i<m-1),
Sm1 =D Anad b [Ani] b An2> b [An2] ... b Amkm)> B [Amkm)] T \[Hlm Cm-1 #'s
T=bdd<c..<b<b\[Clpp1b>b>...>b>b>b"  (with b-1 pairs of angle brackets, H # ‘1 #*')
='b\Copnp b’ (H="1#", where #* is a non-empty string)
and A;;’ and C are identical to A;; and H respectively except that the first entries of each have been
reduced by 1.

Backslash angle brackets with subscripts work in a similar way to those without subscripts except that
the square and angle bracket arrays created in their places would themselves contain subscripts, for
example,

‘B3 \k #H,3 =3 \kk-1#,3\[k#], 3 \k-1#,3\[k#],3\k-1#,3 (k=1),

a0 [m#Tk#,b =‘akbm-1#5 b[m#|k-1#,b’ (k2 2),
where #* does not begin with a 2- or higher order hyperseparator when m = 1. If the # in the string
‘a\«0 #, b’ does begin with a 2- or higher hyperseparator (or is empty) then ‘a \<0 #, b’ = ‘a’.

If\[H]n is \[1]m, the [1] is omitted, and we would make m-1 applications of Rule A5d, followed by Rule
AS5b.

In order to proceed further, it is time to introduce another all-new special symbol — the double
backslash (\\), which requires a minimum of two pairs of square brackets enclosing it. By rewriting the
n-hyperseparator \[X], (for an array X) as [X \\ 2], (so that \, is [1 \\ 2], and e is [2 \\ 2],,), | obtain

[L[2 W3] 2] haslevel 6(gq,),

[L[2W3]1[1\W\3]2] has level B(gq22),

[L[2[1\W\ 3], 2] 2] has level B(eqw),

[L[2V2[1W3]22] 2] has level B(eqq€o),

[L[2[1W\3]2[1W\3];2]2] has level B(eq:0(q2)),

[L]2[1[2W3]2[1W\3],2]2[1\3],2]2] has level B(eq20(€q20(€n2))),

[L[1\ 21\ 3]>2] 2] has level 8(eq.Q),

[1[1 e;2[1\3],2] 2] has level B(gqreq+1),

[L[2[83W\2],2[1W\3],2]2] has level B(eq€q+2),

[L[1[1e2\W\2],2[1\3],2]2] has level B(eqe(Q+6(eq+1))),



[L[1[1[1[1e2W\2],2[1\W\3],2]2\2],2[1\3],2] 2] has level
B(€n2€(Q+0(en2€(Q+6(gq+1))))),

[1[1[1\W\3],3]2] has level B(eqx"2),

[L[1[12\3],4]2] has level B(gq"3),

[1[1[1W\3],1\2] 2] has level B(eqy"€o),

[L1[1[1\3],1 e2]2] has level B(q,"0(gas+1)),

[L[2[1W3],1[1W\3]2]2] has level B(eq,"6(gq2)),

[T[1[AW3,1[1[2W\3];1[1\W\3]2]2]2] has level 8(eq,"0(eq2"0(Eq2))),

[L[1[1W\3],1)\,2]2] has level 6(eq"Q),

[L[1[1W\3],1[1\:3]2]2] has level B(eq"QMQ),

[L[1[1\3],1 e, 2] 2] has level B(eq2eq+1),

[T[1[1W3],1[3W\2],2]2] has level 6(eq"€q+2),

[L[2[1W3],1[1W\3];2]2] has level B(eq"eqy),

[T[1[1W3],1[1W\3];1[1\W\3],2]2] has level B(gq,"eq"2),

[1[1[2[1\3]32]2]2] has level B(gqr eqr W),

[L[1[1\:2[1\3]532]2]2] has level B(eqeq2"Q),

[1[1[1e32[1\3]32]2]2] has level 6(eqx"eq2"€q+1),

[LT[1[1[83W\2]32[1\3]32] 2] 2] has level B(eqy"ens"€q+2),

[L[1[1[1e2W\2]32[1\\3]532]2]2] has level B(eqeq2"e(Q+8(eq+1))),

[L[I[1[2[1[1[1e2W\2]52[1\3]32]2]2W\2]32[1\3]32]2]2] has level
B(en2"eqx"e(Q+6(eq2"€02"e(Q+0(En+1))))),

[L[1[1[2W\3]33]2] 2] has level B(eq"eq"€qn2),

[T[1[1[1W3]31[1\3]32]2]2] has level B(eqy"enr"€02"Eq2),

[T[1[1[1[1\W\3],3]2]2]2] has level B(eq €2 q"€ns"Eq2),

[1[2\ 3] 2] has level B(gqz+1),

[1[B3W3] 2] has level B(gqz+2),

[1[1V2\W\ 3] 2] has level B(g(Q2+¢p)),

[L[2[2W\3]2W\3]2] has level 8(e(Q2+68(gqy))),

[LT[2[1[1W3]2W3]2\W\3]2] has level B8(e(Q2+6(£(Q2+6(gq2)))))-

[L[1W\4] 2] has level B(gqs),

[1[1\\5] 2] has level B(eqs),

[1[1\1\2] 2] has level B(g(Qso)),

[1[1W\1e2]2] haslevel B(e(QB(gq+1))),

[1[1\1[1\1e2]2]2] has level B((Q8((Q6(eq+1))))),

[T[AW1[1\W1[1\1 e2]2]2]2] has level 8(e(Q6(e(QB(e(QB(eq+1))))))).
[1[1\1\\2] 2] has level 6(gq~),

[1[1\W1\W1\2]2] has level 8(eqs),

[1[1[2\\ 2] 2] 2] has level B(gqny) (\W=[1\\, 2] justas \=[1\, 2)),
[L[1[1\2\\;2] 2] 2] has level B(g(Q"y)),

[1[1[1e2\\2]2]2] has level B(g(Q"8(eq+1))),
[L[1[1[1[1e2\;2]2]2\\,2]2]2] has level 8(e(Q"0((Q0(eq+))))),
[I[I[I[1[1[1[1e2\,2]2]12\,2]2]2\;2]2]2] has level B((Q"0(e(Q0(e(QB(£q+1)))))))-

[1[1[2\\; 3] 2] 2] has level B(gqnr),
[L[2W2][1\,3]2]2] has level B(eqra+q)s
[L[1[2W\,2]2[1\\, 3] 2] 2] has level B(Eqrararw)s
[1[1[1V\;3]3]2] has level B(gqanq)2),

[1[1[1\\ 3] 1\ 2] 2] has level B(eqra+yy),



[1[1[1\\;3]1[2\,2]2] 2] has level B(egnqr),
[1[1[1\\:3]1[1\\;3]2]2] has level 6(garaz),
[1[1[2\\23]2] 2] has level B(eavaw),

[L[1[1\2\\;3]2] 2] has level B(e(QMNQeq))),
[T[L[21[1[1\;3]12]2\\;3]2]2] has level 8(e(QNQ0(ear)))),
[1[1[1\\;, 4] 2] 2] has level B(eqran),

[1[1[1\\;5]2]2] has level 8(eqmans),

[1[1[1\\, 1\2]2] 2] has level B(e(Q"Q"ey)),

[T[1[1\, 1[1[1\\,3]2]2]2]2] has level B(e(Q"Q"6(gqn)))-

[L[2[1W\, 1\\;2] 2] 2] has level B(egrarq),
[L[2[1W, 1\, 1\, 2] 2] 2] has level B(eqraranz),
[L[1[1[2\s2]2]2]2] has level B(eqrananw) (in general, \\, = [1 \4+1 2]),
[L[1[1[2\2\W\32]2] 2] 2] has level B(e(Q"Q O ey)),
[L[2[1[2[1[1\W\ 1\, 2]2]2\W\52]2] 2] 2] has level 8(e(Q*"QM"0B(eqrara)))s
[L[1[21[2\Ws3]2]2]2] has level B(eqrananq)s
[L]2[1[2\Ws1\32]2]2]2] has level B(eqrararara),
[L[2[1[2[1\43]2]2]2]2] has level B(eqrarararara)-
The sequence of separators starting with the last three has limit ordinal 6(¢(gq+1)). This is Nested
Hyper-Nested Array Notation extended to the next level.

When the k ® symbols on the bottom of the first page of this document are each replaced by [d \\ e #*]
separators (where d = 2 and #* is the remainder of the separator array), S = ‘b «d-1 \\ e #% b’ and the
\ps symbol in the T string would be replaced by the [d-1 \\ e #*], separator. A double backslash array
nested to the \\, level through an m-hyperseparator array ([],, brackets) evaluates in a similar fashion
to a single backslash array nested to the \,.,, level. The \\, symbol (requiring a minimum of n+1 pairs
of square brackets in a curly bracket array) is an n-hyperseparator on the second level in the
extension to my Nested Hyper-Nested Array Notation, so | will regard it as an (n, 2)-hyperseparator.

The \[Hilng, \[B], \[Cls, \[H]m and \[C]m+,-1 Symbols on pages 3-4 (arrays within \[] brackets) can now be
replaced by special separators that contain at least one (1, 2)-hyperseparator (\\, symbol enclosed by
n-1 pairs of square brackets) in their ‘base layers’, for example, [X\\d #],,, [X[Y \\; e #;] d #1],, and
[XTY [Z \\s f #5] e #,] d #4],,, Where the capital letters denote strings of numbers and separators, lower
case letters denote positive integers and # symbols represent the remainder of their respective
separator arrays. (Similarly, the \«C» and \«C»,,, symbols within \«> brackets can now be rewritten
without the preceding backslash.) The separator subscript (m) is omitted whenever it is 1, as with
single or double backslash subscripts. If the \[H],, symbol is rewritten as [H [S] d #*].,, where [S] is the
first (1, 2)-hyperseparator array within the symbol, the \[C]+b.1 and «C»,,, symbols would be rewritten
as [C [S] d #*]m+p1 @nd <C [S] d #5, respectively.

In the Angle Bracket Rules, the term ‘(j+1)-hyperseparator’ in Rules A5c-d is now renamed ‘2- or
higher order hyperseparator’ since this includes (n, 2)-hyperseparators for any n (n would be less than
J)- An extra subrule within Rule A5 is created as follows:-

Rule A5b* (separator [A;;(p;;)] = [d #s];, where d 2 2 and #s contains at least one

(1, 2)-hyperseparator in its base layer):
Sij =0 Aij(1)> b [Ai(1)] b <Aij(2)> b [Aij(2)] ... b <Aij(pi-1)> b [Aij(pij-1)] Ro [d #s]; Cij-1 #],
R,='b R b,
Ry =D [d-1 #s]p+ja .



Note that Rule A5b* with [A;;(pi;)] = [2 \\ 2], would mean that R; = ‘b [1 W\ 2]y4.0 b’ = ‘b 451 B, Setting
j=1gives R, = b\, b’, which enables us to go beyond the Bachmann-Howard ordinal.

If the separator [Aij(pi;)] =[1[B1]1[B2] ... 1 [By] d #s];, where g2 1, d 22, each of [Bj is either a
normal separator or 1-hyperseparator, and #s contains at least one (1, 2)-hyperseparator in its ‘base
layer’, Rule A5e would apply, but with the separator [A;;(pi;)] and the associated angle bracket array
each carrying the subscript j:
Sij = b Aij(1)> b [A(1)] b <Ai(2)> b [Ai(2)] ... b <Aij(pij-1)> b [Aij(pij-1)]
b «Aij(pi;)> b [A(Pi]i Cif-1 #).

Any 2- or higher hyperseparator may carry a subscript. For example, in Rule A5, if the
j-hyperseparator [A;;(i*)], for some j 2 2 and 1 < i* < p;;, has the subscript j, it is written [A;;(i*)];, and the
associated angle bracket array that replaces the preceding 1 would be ‘b <A;;(i*)»; b’.

Angle brackets with subscripts work in a similar way to those without them except that the square and
angle bracket arrays created in their places would themselves contain subscripts, for example,
Bekth,3 =3 <k-1#,3[k#],3k-1#,3[k#],3«k-1#,3 (k=1),
‘add[m# kt,b =‘adm-1#5 b [m#] k14,0 (k=2),
where #* does not begin with a 2- or higher order hyperseparator when m = 1. For the purposes of
Rules A2 and A5 (initial part), a ‘2- or higher order hyperseparator’ includes all (n, 2)-hyperseparators,
wheren 2 1.

The only other modification to the Angle Bracket Rules is that the backslash in Rule A5b can be either
a single backslash (\;, where j = 2) or double backslash (\\,, for some 1 <m <j, in which case the \;in
the R, ;.; equation would be replaced by \\y).

If the separator [A;(pi;)] = [1 [B] d #g];, where [B] is a (1, 2)-hyperseparator, Rules A5c-d would apply
unless [A;j(pij)] = [1 \\ 2], =\; (which is already covered by Rules A5a-b).

If [H [S] d #*],, is of the form

[H¥m = [1 [S1a] 1 [S12] ... 1 [Sypw] di #*1]m,
where [Sypm] =\ (h=1),

[Sipi] = [1[Sivz,a] 1 [Sis2] -o- 1 [Sisppgsny] Divs #554a] (1=i<h-1),

[Sh-1pt-] = [1 [Shal 1 [Shal --- 1 [Shpny-2] 1\ i #54] (h=z2),
p(i) = 1, di 2 2 and each of [S;]] is an (i, 2)-hyperseparator, the string replacement equation on page 4
would become

@<0[A]1[A]...1[AdL1[B]lc#>b’

=‘a<b AP b[A]] b A b[A] ... b <A b [A] b Ry b[B]c-1#> Db,

where Rpi =D A1) b [Ai11] b <A1 25 b [Aia o] .. b Ay irn) B [Aisrkrn] B (Rujvp b [Bisa] Ciar-1 #ivd

(1<i<m-1),

Rom1 =D Amn1> b [Ana] b An2> b [An2] ... b Amim)? b [Amkm)] b (Ramm b [H¥]m Cm-1 #4
(m=22),

Rim+i-1 = D «Si1H b [Si1] b <Sioh b [Si] ... b «Sipgy1> b [Sipgya] B (Romei> b [Sipp] di-1 #%
(1<i<h),

Rnmn1 = D «Sh1"» b [Spal b «Sp2»> b [Shal ... b <Sppmy-1> b [Shphy-al
b (Ai» b[A]] b <AY b[AS] ... b ¢(Ad b [Ad b <Rna > b [Bl c-1# \\, dp-1 #*%/,
Ry1="0
and S;; is identical to S;; except that the first entry is reduced by 1. (If m = 1, then [B] = [H*].) This is
similar to Rules A5d and A5b — the former executed m+h-1 times (to find equations for initial string



Si11and Ry to Ry m+n-2), followed by the latter rule (R, m+n-1 ONWards) — except that the single
backslash is a double backslash.

If the \\, symbol within the [Sy.1 y-1)] SEparator (or the [S; p1)] Separator within [H*],) is replaced by a
string of 1’s and normal separators (0-hyperseparators) or 1-hyperseparators (below 6(gq.+) level),
Rules A5a-e would be utilised as for separators below 8(gq.+) level in Beyond Bird’s Nested Arrays |ll.

Among the simplest examples of arrays containing a double backslash is
Ny ={3,3[1[1W\3]2] 2}
Here, m=h=1and
[B] =[H*]=[1\3],
and it follows that
N; ={3<«{[1\3]2 3}
={33 Rz 3 3}
={3a3 @3 R,»3I\23 3}
={33 @33R p3IN23\2 3 3}
={83a83a33W\23\2 3 3}
={33¢32W\23[3\2]32\23[83W\2]32\23 \ 2533}
={33¢3\3\3e3\1313e3\3\3 [3\2]
3\3\3e3\13\13e¢3\13\3 [3\2]
31313e3\313e3\3\3\ 25,33},
using Rules A2 and A6, with e as shorthand for [2 \\ 2]. Under Rule A2,
BAWN2 3 =3\3\3
since the double backslash (\\) counts as a ‘2- or higher order hyperseparator’ and the [1 \\ 2] symbol
‘drops down’ to a single backslash (\).

A slightly more complicated example is
N>={3,3 [1[1[1\3],3]2] 2}.
In this case, m =2, h=1and
Bl =[1[1\3]3],
[H*]m = [1\\ 3],
and we obtain
N, ={3<0[1[1\3],3]2 3}
={3 3 Rz 3> 3}
={833 QB R3»2,3[1\3],2 3 3}
={8A3 Q3@ Ry;»3IWN2,3[1W\3],2 3 3}
={33 @3B «Ry»2,3[1W\3],23\2,3[1\3],2> 3 3}
={88A3@B33«Ry»3IN2,3[1W\3],23\2,3[1W\3],2 3 3}
={83A3«33«33BW\2,3[1\3>23\2,3[1\3],2 3 3}
={33@3@3¢3\,3\,3e,3\,3\,3¢,3\,3,3[3\2],
3,3,3e,3,3,,3e,3,,3\,3[3\2],
3,3%,3e,3,3,3,3L,3\,,3[1W\3],2>3\2,3[1\3],2> 33},
using Rules A2 and A6 (modified to handle angle bracket subscripts), with e, as shorthand for [2 \\ 2],.
The [1 \\ 2], symbol ‘drops down’ to \,.

Another example is

N3={3,2 [1[1[1[1W\,3]2],3]2] 2}.
In this case, m =h =2 and

Bl =[1[1[1\;3]2] 3],



[H¥m = [1 [\ 3] 2],
[Sia] =1\ 3],
and we find that
N;={3<0[1[1[1\\,3]2],3]2 2}
={32 Ry 2 2}
={8322Ry»22 [1[1\:3]2], 222> 2}
={32 22 MRy 2,2 [1[1\,3]2], 2»2>2}
={83222 2R p2W,22,2 [1[1\,3]2], 2> 2 2}
={32222\uw2 2,2 [1[1\L,3]2], 22 2}
={8322¢2A\WLW22[2\,2]2A\W\, 2252 [1[1\,3]2], 22> 2}
={3222\2[2\,2]2\25,2 [1[1\\, 3] 2], 2> 2 2},
using Rules A2 and A6. The [1 \\, 2] symbol ‘drops down’ to a double backslash (\\). Since
2«2\2[2\,2]2\ 25,2
=2¢IWN2[2W\, 2120252 [2W2[2\W\,2]2W\ 2], 2¢<1\W\2[2\,2]2\ 25,2
=2 [1W2[2W\,2]2W\2; 2 2W\2[2\,2]2\2], 2 [1\2[2\,2]2\2], 2,
using Rules A2 and A6 (modified to handle angle bracket subscripts), it follows that
N3={3@2«¢2 [1W2[2\,2]2\2], 2 [2\2[2\\,2] 2\ 2],
2 [1NW2[2W\, 2120\ 2], 2 [1[1\: 3] 2], 2>2 2}.

Now | will bring in another all-new 1-hyperseparator symbol — the double black circle (ee). The
smallest separator containing this symbol is the [1 ee 2] separator.

The 6(g(eq+1)) level separator
{a,b[lee2]2}={a<0 ee 2> b}
={abdc..dbbd\,b b ..>b b b},
(with b+1 pairs of angle brackets).
This is equivalent to
{a,b [T[2[1[...[1[2\W\1,2]2]...12]2]2] 2} (with b+1 pairs of square brackets).

[1 ee 2] has level B(g(gq+1)),

[1[1 ee 2] 2 @0 2] has level B(g(€qn+1))2,

[L1\2 ee 2] has level £(B(e(eq+1))+1) = 6(1, B(e(eq+1))+1),
[1[1\,3]2 ee 2] has level [(B(g(en+1))+1) = 6(Q, B(e(Eq+1))+1),
[1 @ 2 @0 2] has level B(gq.1, B((€qsq)) 1),
[1[1W\3]2ee 2] has level B(eqy, B((€q+1))+1),
[L[1W1\W\2]2 ee 2] has level B(eqnr, B(E(Eq+1))+1),
[1[1[1\;3]2]2ee 2] haslevel B(eqnr, B((eq+r))+1),
[1 ee 3] has level B(g(eq+1), 1),

[1ee 1[1 ee 2] 2] has level B(e(eq+1), B(E(Eq+1))),

[1 ee 1\ 2] haslevel B(g(eq+r)+1),

[Lee 1 e 2] has level B(e(eq+1)+teq+1),

[1ee 1[1\\3]2] has level 8(e(eq+1)+€qn),

[1L ee 1 @0 2] has level B(e(eq+1)2),

[1[2 @@, 2] 2] has level B(g(gq+q)w),

[L[1 e 2 @0, 2] 2] has level B(e(eq+1)0(E(Eq+1))),
[1[1\,2 ee, 2] 2] has level B(e(eq+1)Q),

[1[1\;1\,2 ee,2] 2] has level 8(e(gn:1)(Q Q)),
[1[1[1\;3]2 ee,2] 2] has level 6(g(eq+1)(QQ"Q)),
[1[1 ;2 @0, 2] 2] has level B(e(eq+1)€q+1),



[1[1[3\ 2], 2 ee,2] 2] has level B(e(eq+1)Eq+a),

[L[1[1\ 3], 2 ee;, 2] 2] has level B8(e(eq+1)Eqy),

[L[1[2 W1\ 2],2 ee;,2] 2] has level B(e(eq+1)€qna),

[L[1[1[1\\,3]2],2 ee,2] 2] has level B(e(eq+1)€qnq),

[L[1[1[1\\ 1\, 2] 2], 2 ee;, 2] 2] has level B(e(eq+1)Earana),

[L[1[1[1[1\\;3]2]2],2 ee;,2] 2] has level B8(e(eq+1)Eararara)s

[1[1 ee, 3] 2] has level B(g(eq+1)"2),

[1[1 ee, 4] 2] has level 6(g(gq+1)"3),

[1[1 ee, 1 @@ 2] 2] has level B(e(eq+1)"0((Eq+1))),

[1[1 ee, 1\, 2] 2] has level B(e(eq+1)*Q),

[L[1 ee, 1 e,2] 2] has level B(e(eq+1)"eqs+1),

[1[1 ee, 1[3\\2],2] 2] has level B8(e(eq+1)eq+2),

[1[1 ee, 1 [1\\3],2] 2] has level B(e(eq+1)Eq2),

[1[1 e, 1 [1 N\ 1\ 2], 2] 2] has level B(e(eq+1)eqr),

[1[1ee,1[1]1\\;3]2],2]2] haslevel B(e(eq+1) Eanq),

[1[1ee,1[1[1\\;1\\,2]2],2]2] has level B(e(eq+1) Earara),

[1[1ee,1[1]1[1\W\53]2]2],2]2] has level B(e(€q+1) Eararara)s

[1[1 ee, 1 @0, 2] 2] has level B(g(eq+1) e(Eq+1)),

[1[1 ee,1 00,1 @8, 2] 2] has level B(e(eq+1) e(€q+1)"2),

[L[1[2 ee32] 2] 2] has level B(g(eq+1) e(€q+r) W),

[1[1[1 ee53]2]2] has level B(e(eq1) e(Eqs1) E(Eqr1)),

[1[1[1 ee;1 ee;52]2]2] has level B(e(ea+1)"e(Ea+1)"E(ear1)"E(Eqs1)),

[1[1[1[1ee,3]2]2]2] haslevel B(e(eq+1)"e(E+1)"E(Eq+1)"E(En+1)"E(EQs1))-
The sequence of separators starting with the last three has limit ordinal 8(g(€q+1+1)).

The next stage launches the treble backslash (\\\), which requires a minimum of three pairs of square
brackets around it. The symbol \\, = [1 \\ 2], in order to mirror \, = [1 \ 2],, and just as \, = [1 \n+1 2]
and \\, = [1 \\4+1 2], the symbol \\\, = [1 \\,; 2]. The (n, 3)-hyperseparator \\\, needs a minimum
enclosure of n+2 pairs of square brackets. Since | have exhausted \\ = [1 \\\ 2] prior to introducing the
ee symbol, ee, =[1 [2\\\ 2] 2],. The symbol [2 [2 \\\ 2] 2] comes next in the sequence after ee.

[1[2[2\W 2] 2] 2] has level B(g(eq+1+1)),

[1[3[2\W 2] 2] 2] has level B(g(eq+1+2)),

[1[1 e 2[2\\2] 2] 2] has level B(e(eq+1+0(e(€q+1)))),
[L[1W\2[2\W\ 2] 2] 2] has level B(g(eq+1+Q)),
[L[1[1\,3]2[2\W2]2] 2] has level B(e(eq+1+Q"Q)),
[T\, 1\, 2] 2[2W\ 2] 2] 2] has level B(g(eq+1+QNQMNQ)),
[L[1[2[1\WNs3]2]2[2\W\2]2]2] has level 8(e(eq+1+QMQMNQNQ)),
[1[1[2\W 2] 3] 2] has level 6(g(eq+12)),

[L[1[2W2]4] 2] has level 6(g(eq+13)),

[L[1[2\W\ 2] 1 ee 2] 2] has level B(e(eq+10((q+1)))),
[L[1[2\W2] 1\ 2] 2] has level 8(g(eq+1Q)),
[L[1[2\W2]1[1\\,;3]2] 2] has level B(e(eq+1Q™Q)),
[L[1[2\W2]1[2\W2] 2] 2] has level B(e(eq+1"2)),
[L[1[2[2\W2],2] 2] 2] has level B(e(eqi™w)),
[1[1[1ee2[2\\2],2]2]2] has level 8(g(eq+1"0(e(€q+1)))),
[L[1[1\,2[2\\ 2], 2] 2] 2] has level B(g(eq+1"Q)),

[L]1[2\, 1\, 2[2 W 2], 2] 2] 2] has level 8(g(eq+1"Q"Q)),
[L[1[1[2\W\s3]2[2W2],2] 2] 2] has level B(g(eq+1"QMQ"Q)),
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[L[1[1[2\W2],3]2] 2] has level B(e(eq+1™eqs+1)),
[L[1[1[2\W2],4]2] 2] has level 6(s(eqs1”eq1"2)),
[L[1[1[2\W2],1 ee 2]2] 2] has level B(e(eq+1"Eq+1"0(E(€q+1)))),
[T[1[1[2\W2],1\\,2]2]2] has level B(g(eq+1"eq+1"Q)),
[L[1[1[2W2],1[1\\33]2]2]2] has level B(e(eq+1"eq+1"Q"Q)),
[L[1[1[2W2]21[2\W2],2]2]2] has level B(e(€q+1"€q+1"€q+1)),
[T[1[1[1[2W2]33]2]2]2] has level 8(s(€qi1 eqr1 Eqr1Eq+1)),
[L[2[83W 2] 2] 2] has level 6(e(eqso)),

[L[1[4 W 2]2] 2] has level 6(g(eq+s)),

[1[1[1ee2\\2]2]2] has level B(e(e(Q+0(e(q+1)))))-

[1[1[1\W3]2]2] has level 8(s(eqy)),

[L[1[1W4]2] 2] has level 6(g(gqs)),

[L1[1[1\\ 1 ee2]2]2] has level B(c(e(Q0(e(eq+1))))),

[1[2[1\W1\W\2]2]2] has level 8(s(sqn)),

[1[1[1W1W1\2]2]2] has level 6(e(sqn)),

[1[1[1[2\\;2]2]2]2] has level B(e(sqny)).

[1[1[1[1ee2\\,2]2]2]2] has level 8(s(e(Q"0(e(eq+1))))),
[1[1[1[1\;3]2]2]2] has level 8(s(sar)),

[1[1[1 W21\, 3]2]2]2] has level 8(e(earara)),

[1[1[1[2 W\, 2] 21\, 3]2]2]2] has level B(e(sararanw)),

[L1[1[2[1 W\, 3]3]2]2] has level B(e(ganp)),

[L[1[1[1 W, 3]1\W2]2]2] has level 8(e(eqnay)),

[L[1[1[1 W, 3]1[2\; 2] 2] 2] 2] has level B(e(Eanasw)):

[L[1[1[1 W, 3]1[1\W\;3]2]2]2] has level 8(g(earaz)),
[L1[1[1[2\W\,3]2]2]2] has level 8(e(Eanaw))),

[T[A[1[L 111\ 3]2]2] 2\, 3]2]2]2] has level 8(s(s(QQO(e(ar)))))),
[1[1[1[1\\;4]2]2]2] has level 8(s(sarar)),

[1[1[1[1\\;5]2]2]2] has level 8(e(sqrqns)),

[T[2[2[1 W, 1 [1[1[1\3]2]2]2]2]2]2] has level 8(e(s(Q*Q"0(e(ar))))),
[1[1[1[1 W1\, 2]2]2]2] has level 8(s(egram)),

[1[1 21\, 1\, 1\, 2] 2] 2] 2] has level B(g(Eqrarana)),
[T[1[1[1[2\W\s2]2]2]2]2] has level B(g(Eararany)),

[T[L[I[I[A[2[2[2 W, 1\, 2]2]2] 2\ 2] 2]2]2]2] has level 8(e(s(QQQ0(e(Eamam))))),
[1[1[2[1[1\Ws3]2]2]2]2] has level 8(g(Eqrarara)),
[1[1[2[1[1\Ws1\\52]2]2]2]2] has level 8(e(Earararana)),
[T[1[1[1[1[1\W3]2]2]2]2]2] has level B(e(Egrarararara))-

The sequence of separators starting with the last three has limit ordinal 8(e(e(€q+1))).

At this stage, it is better to rewrite \\, as \,, and \\\, as \, 3. The symbols \\ and \\\ can be rewritten as
\12 and \; 3 respectively; \, is \, (remove trailing 1’s). There are two directions of travel for the
generalised (m, n)-hyperseparator double subscript backslash symbol (\n ), since

\mn =1 \msrn 2] = [1 \p et 2 (both [1 \n+1n 2] @nd [1 \; p+1 2] ‘drop down’ to \n ).

\m.n requires a minimum of m+n-1 pairs of square brackets around it in order to be used in an array.

With k pairs of square brackets (k = 2),

{fa,b [L[1[...[2[2\uk2]2]...]12]2] 2} ={a<O[1[...[1[2\1k2]2]...]12] 2> b}
={abdc..db b\ b>b>...>b b b}
(with b+k-2 pairs of angle brackets).
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The most significant separators introduced so far (beyond Bachmann-Howard ordinal level) are:-
[1[2\122] 2] has level B(gq+1),
[1[2\122] 3] has level B(eq.1, 1),
[1[2\122] 1\ 2] has level B(gq:1+1),
[1[2\122]1[2\;22] 2] has level B(gq+12),
[1[2[2\122],2] 2] has level B(gq.1w),
[1[1[2\22]2[2\122];2] 2] has level 8(gq+18(Eq+1)),
[1[1\,2[2\1,2],2] 2] has level B(gq+19),
[1[1[2\22],3]2] has level 8(gq:1"2),
[1[1[2\122],1\2] 2] has level B(eq+1”€o),
[1[1[2\122],1[2\1,2] 2] 2] has level B(eq+1"B(gq+1)),
[1[1[2\122], 1Y, 2] 2] has level B(gq:1"Q),
[1[1[2\122]1[2\15 2], 2] 2] has level B(eq+1"€q+1),
[1[1[1[2\»2]53]2] 2] has level B(eq+1"€q+1"Eq+1),
[1[3\122] 2] has level B(gq+2),
[L[1\V2\1,2] 2] has level B(e(Q+gp)),
[1[1[2\122]2\;, 2] 2] has level B(e(Q+8(gq+1))),
[1[1\;, 3] 2] has level B(gqy),
[1[1\21\52]2] has level B(eqn),
[1[1[2\:22] 2] 2] has level B(gqny),
[L1[1[1\:23]2]2] has level B(gqn),
[L[1[1\21\,,2]2]2] has level B(eqnqnq),
[1[1[1[1\s23]2]2]2] has level B(eqrarara),
[1[1[2\132] 2] 2] has level B(e(eq+r)),
[1[2[2\132] 2] 2] has level B(g(eq+1+1)),
[1[1\1,2[2\132]2]2] has level B(g(eq+11Q)),
[L1[1[2\132] 3] 2] has level B(g(eq+12)),
[L[1[2\132] 1\, 2] 2] has level B(g(eq+1Q)),
[1[1[2\132]1[2\132] 2] 2] has level B(e(eq1"2)),
[1[1[1[2\32],3]2]2] has level 8(e(eqs1”€q+1))s
[1[1[3\132] 2] 2] has level B(g(gq+2)),
[1[1[1\33]2]2] has level B(e(eqy)),
[1[1[1\31\32]2]2] has level B(e(eqn)),
[1[1[1[2\52]2]2] 2] has level B(e(eqny)),
[1[1[1[1\%33]2]2]2] has level B(e(eqr)),
[T[1[1[1\%31\,32]2]2]2] has level B(e(earana)),
[L[1[1[1[1\33]2]2]2]2] has level 6(e(eqnanarq))-

Continuing this sequence, | obtain
[1[1 [1[2\142]2] 2] 2] has level B(g(e(eq+1))),
[1[2 [1[2\142] 2] 2] 2] has level B(e(e(eq+r)t1)),
[1[1 [1[2\142] 2] 3]2] has level 6(e(e(eq+1)2)),
[L[1[1[2442]2] 1 [2[2\142]2] 2]2] has level B(e(e(eq+1)"2)),
[L[1[2 [1[2\142] 2], 2] 2] 2] has level B(g(e(Eq+1) w)),
[1[1[1 [21[2\142] 2], 3] 2] 2] has level B(e(e(eq+1)e(Eq+1)))s
[L[1[2 [2\14 2] 2] 2] 2] has level B(g(e(eq+1t1))),
[L[1[1 [2\142] 3]2] 2] has level 6(e(e(eq+12))),
[L[1[1 [2\442] 1 [2\142] 2] 2] 2] has level B(e(e(eq+1"2))),
[L[1[1[2 [2\142]2 2]2] 2] 2] has level B(g(e(eqer™w))),
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[T[1[1[1 [2\42], 3]12]2]2] has level B(e(e(en+1"€q+1))),
[L[1[21[83\42]2]2]2] has level B(e(e(eq+2))),
[L[2[1[2\43]2]2]2] has level B(e(e(eqr))),
[LT[1[1[1\41V\42]2]2]2] has level B(e(e(eqnn))),
[T[1[1[1[2\242]2]2]2]2] has level B(e(e(eqmw))),
[T[1[1[1[1\43]2]2]2]2] has level B(e(e(eqnr))),
[LT[1[1[1[1\41\42]2]2]2]2] has level B(e(e(eqrarq))),
[T[1[1[1[1[1\%43]2]2]2]2]2] has level B(e(e(eararana))),
[T[1[1[1[2\152] 2] 2] 2] 2] has level B(ge(e(e(eq+1)))),
[1[1[1[1[3\52]2]2]2]2] has level 0(s(e(e(eqs2)))),
[L[1[1[1[1\53]2]2]2]2] has level B(e(e(e(eqz)))),
[L[1[1[2[1\151\52]2]2]2]2] has level B(e(e(e(Ean)))),
[T[L[1[1[1[1\253]2]2]2]2]2] has level B(e(e(e(eann))))s
[L[1[1[1[1[1\251 \252]2] 2] 2] 2] 2] has level B(e(e(E(Earara)))),
[L[I[2[2[1[2[2\s53]12]2]2]2]2]2] has level B(e(e(e(eararara))))s
[T[L[1[1[1[2\162] 2] 2] 2] 2] 2] has level B(e(e(e(e(eq+1))))),
[T[1[1[1[1[1[2\72]2]2]2]2]2]2] has level B(e(e(e(e(e(ea)))))),
[T[I[1[1[1[1[1]2\1s2]2]2]2]2]2]2]2] has level 8((e(e(E(E(E(Ea+1))))))).
The sequence of separators starting with the last three has limit ordinal 8({q+1) = 6(@(2, Q+1)).

If [H*], on page 7 consists of many layers of separators, where

Kipel = [1 [Xisra] L Kiva 2] o L Kivapgsny] Kiea #iral,
eventually finishing up with [X, 5] = \is for some r, s and x (instead of \\;), the road from R, ; t0 R.11
would be split up into s parts. The first part would process the i-hyperseparators (each ending in [Bi]’s,
up to [Bi] = [H*]m; i increases from 2 to m), the second part would process the (i, 2)-hyperseparators
(up to the set ending in, say, [H*;]m(2); | increases from 1 to m(2)), the third part would process the
(i, 3)-hyperseparators (up to the set ending in [H*3]m)), and so on, up to the final (sth) part, which
finishes with the (r, s)-hyperseparators and the 1-hyperseparators all in one string. There would be
t = m+m(2)+m(3)+...+m(s)-1 layers in all (note that m(s) =r), with up to s-1 of those layers having
subscripts to the square brackets. The R, string would contain the (r, s)-hyperseparators and the
1-hyperseparators with the latter set sandwiched in between the penultimate (r, s)-hyperseparator and
the \; s symbol. Rule A5d would be applied t times (to find equations for initial string S; ; and Ry, ; to
Ry 1), followed by Rule A5b (Ry: onwards).

An (m, n)-hyperseparator is either a \, , symbol or contains at least one \n.x , Symbol inside k pairs of
square brackets or at least one \; .1 Symbol or (1, n+1)-hyperseparator inside k+1 pairs of square
brackets (with the highest of the layers having an m+k subscript), for some value of k — but at every
value of k there are no \n.xn Symbols inside fewer than k pairs of square brackets or \; ,.; Ssymbols or
(1, n+1)-hyperseparators inside fewer than k+1 pairs of square brackets (with the highest of the layers
having an m+k subscript). An (n, 1)-hyperseparator is an n-hyperseparator.

Putting it another way, a \n, , symbol is an (m, n)-hyperseparator, \n , enclosed by k pairs of square
brackets is an (m-k, n)-hyperseparator (m > k), \, , enclosed by m pairs of square brackets
(subscripted by k at the bottom) is a (k, n-1)-hyperseparator (n = 2), \n, , enclosed by m pairs of square
brackets (with no subscript at the bottom) is a (1, n-1)-hyperseparator (n = 2). A \, , Symbol enclosed
by m pairs of square brackets (subscripted by m, at the bottom), enclosed by m, pairs of square
brackets (subscripted by ms at the bottom), ... , enclosed by m,; pairs of square brackets (subscripted
by m, at the bottom), enclosed by m, pairs of square brackets is a normal separator
(O-hyperseparator).
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The recursive definition of an (m, n)-hyperseparator is that it is either a \, , symbol or contains either
at least one (m+1, n)-hyperseparator in its ‘base layer’ or is subscripted by m and contains at least
one (1, n+1)-hyperseparator in its ‘base layer’.

An (m4, ny)-hyperseparator cannot be on the same ‘nested level’ as an (m,, n,)-hyperseparator unless
both hyperseparators are of the same level (both m; = m, and n; = n,) or one (or both) separators are
either normal or 1-hyperseparators. Suppose that k separators [X1], [X2], ... , [Xk] appear on the same
‘nested level’ somewhere within a giant normal separator [N], as in this example

[N] = [# [ng [X4] no [X5] ... Ny [Xi] Nisa] #%] (# and #* represent the remainder of N).
If one of the [Xj] is a 2- or higher hyperseparator, say, an (m, n)-hyperseparator, then each of the [X]
is either a normal separator, a 1-hyperseparator or an (m, n)-hyperseparator.

Rules A5b and A5b* are modified as follows:-

The single or double backslash in Rule A5b is now the generalised double subscript backslash \; 5
symbol, where either r 22 or s 2 2. The \; in the R,,;.; equation is replaced by \; .

Rule A5b* (separator [A;;(pi;)] = [d #s]m, Where d = 2 and #s contains at least one

(1, k)-hyperseparator in its base layer, where k = 2):
Sij = b Aij(1)> b [Ajj(1)] b Ai(2)> b [Aij(2)] ... b <Aij(pi-1)> b [Aij(pij-1)] Ry [d #s]m Cij-1 #),
R,=bR,p b,
Ry =D [d-1 #s]m+b1 D'

Note that Rule A5b* with the lowest (1, k)-hyperseparator within #s, [A;j(pi;)] = [2 \1k 2]m would mean
that Ry = ‘b [1 \1k 2lm+p-1 0 = ‘D \msp-1 k1 B'. By setting m = 1, we achieve Ry = ‘b \p k.1 b’, which is how
the \; x symbol is reduced to the \, ., symbol.

If the separator [Aij(pi;)] =[1[B1] 1[B2] ... 1 [Bg]l d #s]m, Whereq 21, d =2, each of [Bj] is either a
normal separator or 1-hyperseparator, and #s contains at least one (1, k)-hyperseparator in its ‘base
layer’, where k 2 2, Rule A5e would apply, but with the separator [A;;(pi;)] and the associated angle
bracket array each carrying the subscript m:
Sij="b Aij(1)> b [Aij(1)] b Aij(2)> b [Aij(2)] ... b <Aij(pi-1)> b [Aij(pi;-1)]
b Aij(Pi)>m b [Aij(Piplm Cij1#j-

I can now expand the double subscript in the backslash symbol so that it too becomes an array in its
own right. The single backslash with no subscripts has an infinite number of pathways, since
\=[1%2]=[1Y22]=[1\122] =[1\11122] = ...
When there are k subscripts, the (ny, n,, ns, ..., N)-hyperseparator backslash symbol
\ny,nons,.one = [L \ng+1,n5,0,...,0¢ 2]
= [1 \1,n2+1,n3 ..... Nk 2]n1
=[1\1,1,ns+1,n4,...,0¢ 2]n1,0;

= [1 \1,1,1,,,.,1,nk+1 Z]nlynz,n&_,‘nk_1 (Wlth k-1 1,S)

=[1\1,1,1,...,1,2 2]ny,nons,....0k (with k or more 1's)
requires a minimum of n;+n,+ns+...+n,-(k-1) pairs of square brackets around it in order to turn in into a
normal separator and be used in the ‘base layer’ of a curly bracket array. The backslash itself in the
above equalities (other than the last one) may be substituted by a separator array that contains at
leastone (1,1, 1, ..., 1, ry, 1y, ...)-hyperseparator (with at least k 1’s and r; = 2) in its ‘base layer’, for
example,
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X\1,1,1,...1,m Yln,nns,...on = [1 [X\1,1,1,...,0,m Y]1,1,n5+1,n,,....0 2]ny,n;
(with k 1’s prior to m 2 2; X and Y are strings either side of \1,1,1,....1,m).

The 8(lq+1) level separator
{a,b[1[2\11,2]2]2}={a<0[2\;1,2] 2> b}
={akbdc...<b<b\ypb>b>...> bbb}
(with b pairs of angle brackets).
This is equivalent to
fa,b [T[A[1]...[1[2\4p1,2]2]...12]2] 2] 2} (with b pairs of square brackets).

In general, with k 1’s in the subscript,
fa,b[l[c\11..122]2]12}={a<«0[c\111,..122]2> b}
={fadbdc..dbdc-1\ 1112211100 b>...>Db> by b}
(with b pairs of angle brackets and k-1 1’'s'in 11 1p)-
When ¢ = 2, the separator [1\111.122]11.. 1 ‘drops down’ to\;; 1p (With k-1 1'sin i1 1p).

[ [2\122] 2] has level 8(a+1) = B(@(2, Q+1)),

[1 [2\1122] 3] has level 8(lqs1, 1),

[1 [2\1122] 1\2] has level 8(Cq.+1+1),

[1[2\1122] 1 [2\1122] 2] has level 8(Cq+12),

[1[2 [2\1122]2 2] 2] has level 8(lq+1w),

[1[1V2 [2\1122]> 2] 2] has level 8(Cq+1€0),

[1[1[2\122]2 [2\112 2], 2] 2] has level 8(Ca+108(Za+1)).

[1[1\22 [2\112 2], 2] 2] has level 6(q.1Q),

[1[1e;2 [2\1122], 2] 2] has level 6(Ca+1€q+1) (92=1[2\12 2]5),
[L[1ee;2 [2\;;,2]; 2] 2] haslevel 8(Ca+1€(€qr1)) (o0 =[1[2\;32] 2])),
[1[1 [2\1122]> 3]2] has level B8(Cq+1"2),

[1[1 [2\1122]2 1\22] 2] has level 8(Cq"Q),

[1[1 [2\1122]> 1e,2]2] has level 8(Ca+1"Eq+1),

[1[1 [2\1122], 1 @e,2]2] has level 8(Zq.1"E(Eq+1)),

[1[1 [2\1122]2 1 [2\1122] 2] 2] has level 8(Cq+1"Cq+1),

[1[1[1 [2\1122]s 3]2]2] has level 8(Ca+1"Ca+1"Ca+1),

[L[1[1 [2\M122]3 1 [2\1122]3 2] 2] 2] has level 8(Ca+1"Ca+1"Car1"Caxr1),
[L[1[1[1 [2\122]s 3]2] 2] 2] has level 6(Ca+1"Ga+1"Ca+1"Ca+1"Ca).

[1[2 [2\1122]12 2] 2] has level 6(g(Ca+1+1)) (2\122]=[1[2\1122]122)),
[1[3 [2\1122]12 2] 2] has level B(g(Ca+1+2)),

[1[1\22 [2\1122]12 2] 2] has level B(g(la+1+Q)),

[1[1[2\32]2 [2\112 2]12 2] 2] has level B(e(Cq+1+Eq+1)),

[T[1[1[2\M42]2]2 [2V\42 2], 2] 2] has level B(g(Car1t+e(Enr))),

[1[1 [2\1122]12 3] 2] has level 8(g(Zq+12)),

[1[1 2\122]12 1\22] 2] has level B(g(Za+1Q)),

[1[1 [2\122]12 1[2\132] 2] 2] has level B(e(Car1€nr1)),

[1[1 [2\122]12 1[1[2\142]2]2]2] has level 0(g(Zg+1E(Eq+1))),

[1[2 212212 1 [2\12 212 2] 2] has level B((Ca+1"2)),

[L1[1[2 [2\1122]22 2] 2] 2] has level B(g(Ga:1"w)),

[1[1[1\%22 [2\1122]22 2] 2] 2] has level B(g(Cq"Q)),

[L[1[1[2M32]22 [2\1122]22 2] 2] 2] has level B(g(Cq+1™eq+1)) (\22=11\152]n),
[T[1[1[1[2\42]2]22 [2\1122]2 2] 2] 2] has level B(e(Car1"E(Enr1))),
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[L[1[1 [2\1122]22 3] 2] 2] has level B(g(Ca+1"Ca+)),

[T[1[1 [2\122]02 1V22] 2] 2] has level B((Cq1"Ca1"Q)),

[1[1[1 [2\M122]22 1[2V32]22]2] 2] has level 6(g(0a+1"Ca+1"€q+1)),

[LT[1[1 [2\122]p2 1[1[2\142] 2], 2] 2] 2] has level 6(e(Ca+1"Ca+1"E(En+1))),

[L[1[1 [2M122]22 1 [2\1122]22 2] 2] 2] has level 6(g(Ga+1"Ca+1"Cax1)),

[T[I[1[1 [2\122]52 3]12]2] 2] has level 8(g(Ca+1"Ga+1"Car1"Cas1)),

[T[I[2[L [2\122]32 1 [2\1122]32 2] 2] 2] 2] has level 6(&(Ca+1"Car1"Car1"Ca+1"Ca+1)),
[T[I[I[1[1 [2\122]a2 3]12]2] 2] 2] has level 8(g(Ca+1"Ca+1"Car1"Ca+1"Car1"Ca+1))-

[1[1[2 [2\1122]13 2] 2] 2] has level B(g(e(Ca+1+1))) (2\122]10=[1[2\122 2]1,041 2]),
[1[1[3 [2\M122]13 2] 2] 2] has level B(g(e(Ga+1+2))),

[L[1[1 [2\M122]13 3]2] 2] has level B(g(e(Ga+12))),

[L[1[1 [2\M122]15 1 [2\1122]13 2] 2] 2] has level B(g(e(Cq+1"2))),

[T[I[1[1 [2\122]23 3]2]2] 2] has level B(e(e(Ca+r1"Ga+1)))s

[L[I[I[L [2\122]3 1 [2\1122]23 2] 2] 2] 2] has level O(e(€(Ga+1"Ca+1"Car1))),
(T[N [2\a22]55 3]12]2] 2] 2] has level B(e(e(Ga+1"Car1"Ca+1"Ca1))),

[L[1[1[2 [2\1122]14 2] 2] 2] 2] has level O(e(e(e(Ga+1+1)))),

[L[I[1[1[2 [2\1122]15 2] 2] 2] 2] 2] has level O(e(e(e(e(Car1+1))))),

[T[I[1[1[1[2 [2\112 216 2]2] 2] 2] 2] 2] has level B(e(e(e(e(e(Car1t+1))))))-

[1[3\1122]2] has level 8(Cq+2),

[1[4\1122] 2] has level 6(Cqa+3),

[1[1\1123]12] has level 6(Cq),

[1[1\121V\122]2] has level 8(an),

[1[1[2\122]2]2] has level B8(Cqn),

[1[1[1\2123]2]2] has level 8(Zang),
[1[1[1\121Y%122]2]2] has level 8(Canqra),
[LT[1[1[1\s123]12]2]2] has level 8(Cararan),

[1[1[2\1222] 2] 2] has level B(C(eq+1)) (2 =[1 \1ne12 2]),
[1[1[8\222]2]2] has level B(l(eq+2)),

[L[1[1\1223]2]2] has level 8(¢(gq2)),
[1[1[1\221V\222]2]2] has level 8((eqr)),
[1[1[1[1\223]2]2]2] has level 8((eqr)),
[T[1[1[1\221\2222]2]2]2] has level 8((eqrar)),
[L[1[1[1[1\s223]2]2]2]2] has level 8((eqrarana))s
[1[1[1[2V\322]2]2]2] has level B(((e(en+1))),
[L1[1[1[1[2\1422]2]2]2]2] has level 6(((e(e(en+1)))),
[L[1[1[1[1[2\s522]2]2]2]2]2] has level B(C(e(e(e(eq+1)))))-

[1[1[2\132] 2] 2] has level 6(¢(Ca+1)) (10 =[1 \11,ne1 2]),
[1[1[3\1132]2] 2] haslevel 6(¢(Ca+2)),

[1[1[1\133]2]2] haslevel 6(¢(Ca2)),

[1[1[1\131\1132]2]2] haslevel 8(Z(aw)),

[L[1[1[21\%133]12]2]2] has level 8({(Car)),
[1[1[1[1\131\21352]2]2]2] has level 8(Z(Garana)),
[1[1[1[1[1\s253]2]2]2]2] has level 8(Z(ararama)),
[1[1[1[2\252]2]2]2] has level 8(Z(l(gq+1))),

[1[1[1[3\1252]2]2] 2] has level B(Z({(gq+2))),

[1[1[1[1\233]2]2] 2] has level 8(¢(G(eq2))),
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[L[1[1[1\231\232]2]2]2] has level 6(C(¢(ear))),
[T[1[1[1[1\233]2]2]2]2] has level 8((({(ea))),
[L[I[1[1[1\231\2232]2]2]2]2] has level 8((((earana))),
[LT[1[1[1[1[1\s233]2]2]2]2]2] has level 6(C((eararam))),
[L1[1[1[1[2\332]2]2]2]2] has level 6(C(G(e(€a+1)))),
[LT[1[1[1[1[2\432]2]2]2]2]2] has level B(C(S(e((€ar1))))),
[T[[I[I[1[1[2\552]2]2]2]2]2]2] has level B((({(e(e(e(ea+)))))),
[L1[1[1[2\142]2]2]2] haslevel 8(G(G(Ca1))),
[LT[1[1[1[2\152]2]2]2]2] has level 6(C(4(5(5a+1)))),
[T[1[1[1[1[2\162]2] 2] 2]12] 2] has level B(C(C(C(G(Car1)))))-

The sequence of separators starting with the last three has limit ordinal 8(¢(3, Q+1)).

[1[2\1112 2] 2] has level B(@(3, Q+1)).

Replacing [2 \11, 2] by [2 \111> 2] in the list of separators on pages 15-16 entails changing each {q.
in the associated ordinal levels to @(3, Q+1). For example,

[1 [2\1112 2] 3] has level B(p(3, Q+1), 1),

[1 [2\11122] 1\2] has level B(p(3, Q+1)+1),

[ [2\1122] 1 [2\1122] 2] has level 8(p(3, Q+1)2),

[1[1 [2\1112 2], 3] 2] has level B(p(3, Q+1)"2),

(11 [2M1122]2 1 [2\11122]2 2] 2] has level 6((3, Q+1)"p(3, Q+1)),

[L[1[1 [2\1122]s 3]2] 2] has level B(p(3, Q+1) (3, Q+1) (3, Q+1)),

[1[2 [2\11122]12 2] 2] has level B(e(p(3, Q+1)+1)) (Z\M1122]=[1[2\M1122]122)),

[1[1[2 [2\11122]15 2]2]2] has level B(e(e(@(3, Q+1)+1))),

[L[1[1[2 [2\1112 214 2] 2] 2] 2] has level B(e(e(e(p(3, Q+1)+1)))).

By substituting [2 \; 1 ; » 2] for the backslash in the list of separators on pages 15-17, each of the
associated levels would have the Q in the  function replaced by ¢@(3, Q+1). | find that

[1[2 [2\11122]112 2] 2] haslevel 6(C(@(3, Q+1)+1)) ([2\1122]=[1[2\11122]1122]),

[1[2 [2 [2\11122]112 2]12 2] 2] has level B(g(C(p(3, Q+1)+1)+1)),

[L[1[2 [2 [2M1122]112 2|13 2] 2] 2] has level 6(e(e(G(9(3, Q+1)+1)+1))),

[1[83 [2\11122]112 2] 2] has level B(¢(¢p(3, Q+1)+2)),

[1[1 [2\11122]112 3]2] has level B(¢(¢(3, Q+1)2)),

[1[1 2V1122]112 1 [2\11122]112 2] 2] has level 6(C(9(3, Q+1)"2)),

[L1[1[1 [2\11122]222 3]12] 2] has level B(C(@(3, Q+1)"@(3, Q+1))),

[L1[1[2 [2\11122]122 2]12] 2] has level 6(((e(¢p(3, Q+1)+1))),

[LT[1[1[2 [2\11222l132 212] 2] 2] has level B(((e(e((3, Q+1)+1)))),

[L1[1[2 [2\11122]125 2] 2] 2] has level B(C(G(¢(3, Q+1)+1))),

[T[1[1[2 [2\1112 2]124 2] 2] 2] 2] has level B(C(C(C(P(3, Q+1)+1)))).

It follows that
[1[3\11122]2] has level 8(¢(3, Q+2)),
[L[1\1123]2] has level B(¢(3, Q2)),
[1[1\11121\1122] 2] has level B8(p(3, Q*2)),
[1[1[1\1123]2]2] has level B(p(3, Q"Q)),

[1[1[2\2122]2] 2] has level 6(¢(3, €q+1)) (12 =1 \1ne122 2]),
[1[L 112 \1s122] 2] 2] 2] has level B(@(3, e(earr))),
[1[1[2\11222]2] 2] has level B(9(3, (a+1)) (\an2= [\ 1012 2D,

[1[1[1[2\1522]2]2]2] has level 8(9(3, {(Ca+1)),
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[1[1[2\1152]2] 2] has level 8(¢(3, ¢(3, Q+1))) (1= [1 11101 2]),
[1[1[1[2\11142]2]2] 2] has level B(9(3, (3, ¢(3, Q+1)))),
[T[I[1[1[2\1152]2]2]2] 2] has level B(e(3, o3, (3, ¢(3, Q+1))))).

The sequence of separators starting with the last three has limit ordinal 6(¢p(4, Q+1)).

[1[2\111122]2] has level B(p(4, Q+1)),
[1[2\11,.122]2] (withn 1's) has level 8(p(n, Q+1)).
The limit ordinal of this backslash subscript notation is 8(p(w, Q+1)).

In general, with k+1 subscripts and n;+n,+...+n+1-k pairs of square brackets (ny = 2),
[SI=[1[AM[A[..[1[2\1n,n,...0 2] 2] ... 12] 2] 2]
has level 6(p(k, @(k, ..., ok, o(k-1, o(k-1, ..., p(k-1, ...... Q(Q(.--C( e(e(-..€(eqs1)-----))
(with ni-1 @(K’s, n.1-1 @(k-1's, ..., n-1 C’s and n;-1 €'s).

Suppose that X is a character string such that [X] is either a single entry array or contains only normal
separators in its ‘base layer’, and has level a — for example, if X ='m’thena=m-1,if X="1[1\m] 2’
then a = g,,,. If the first 1 of [S] is replaced by X, we would add a to its ordinal level. If the nth 1 of [S]
(2 £ n £ ny+ny+...+n-K) is replaced by X, its ordinal level would have a added inside the nth outermost
layer of brackets, i.e. the ordinal level would be as above but end in ‘q+¢)...))+0a)...))’, with n )’s after
‘+a’. If the 2 to the left of the backslash in the top layer of [S] is replaced by X # ‘1°, the Q+1 in the
innermost layer of brackets of the ordinal would become Q+a.

On the other hand, if the rightmost 2 of [S] is replaced by X # ‘1°, the 8 function of the ordinal level
would have a second argument of a-1 (a < w) or a (a = w) instead of 0 (representing the ath ‘fixed
point). If the nth rightmost 2 of [S] (2 £ n < ny+n,+...+n-K) is replaced by X # ‘1’, the ordinal inside the
nth outermost layer of brackets of the ordinal level would be multiplied by a, i.e. the ordinal level
would be as above but end in ‘q.4)...))a)...)), with n )’s after ‘a’. If the 2 to the right of the backslash
and subscripts in the top layer of [S] is replaced by X # ‘1°, the Q+1 in the innermost layer of the
ordinal would become Qa.

If the [2\1,n,n,,...n 2] atthe top layer of [S] is replaced by

LAA[... [ \mnyn,,...nc3] 2] ... 12] 2] 2] (m pairs of square brackets, m = 2),
the Q+1 in the innermost layer of brackets of the associated ordinal level would become Q"(2m-2) or
a power tower of 2m-2 Q’s. If the [2\1,n,,n,,...,n. 2] is replaced by

[L[2[...-[2[2 \m,npna,..ne L \myngns,..ne 21 2] .01 2] 2] (m pairs of square brackets, m = 2),
the Q+1 would become Q™\(2m-1) or a power tower of 2m-1 Q’s. The limit ordinal substitutes €q.4 for
Q+1, which is achieved by adding 1 to n; or replacing [2 \1,n,,n,,....nc 2] with [1[2\1,n,+1n,,....n 2] 2]

The recursive definition of an (ny, ny, N3, ..., NY-hyperseparator (fork =1, n; 21, n; 21 (1<i<k)and
ne = 2 (k = 2)) is that one of the following four conditions hold:

1. ltis the \n,nyns,...,n. Symbol.

2. Contains at least one (n;+1, ny, N, ..., N)-hyperseparator in its ‘base layer’.

3. Subscripted by n,n,,ns,...,n; and contains at least one (1, 1, ..., 1, Nixg+1, Niso, Nixa, ..., Ni)-
hyperseparator (with i 1’s) in its ‘base layer’, for some 1 <i < k. (When i = k-1, the hyperseparator
level expression would read (1, 1, ..., 1, n+1)-hyperseparator (with k-1 1’s).)

4. Subscripted by ny,ny,ng,...,n, and contains at least one (1, 1, 1, ..., 1, 2)-hyperseparator (with at

least k 1’s) in its ‘base layer’.
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In order to find the minimum number of square brackets around an (ny, ny, ng, ..., NY)-hyperseparator
necessary to turn it into a normal separator, take the sum of the n/'s (when reduced by 1), then add 1.
This is ny+no+ns+...+n+1-k pairs of square brackets. In the case of a backslash with subscript array,
take the sum of the subscripts (when reduced by 1), then add 1.

Suppose that M and N are arrays. An M-hyperseparator cannot be on the same ‘nested level’ as an
N-hyperseparator unless both hyperseparators are of the same level (M = N) or one (or both)
separators are either normal or 1-hyperseparators (either M =‘0’, M=‘1", N=‘0"or N = ‘1’).

Rules A5b and A5b* are modified as follows:-
The backslash in Rule A5b is now the generalised \m;m,,...,m, Symbol, where g 21 and my 2 2. The \;

in the R, .1 equation is replaced by \m,m,,...m,. (Here, the number of subscripts is g, as i, j, k, nand p
are already used.)

.....

Rule ASb* (separator [A;;(pij)] = [d #s]m;,m,....m. Where d 22, k 21 and #s contains at least one
(1,1, ...,1,ryry ..)-hyperseparator (with k 1’s) in its base layer, where ry = 2):
Sij =D <Aij(1)> b [Aj(1)] b Aij(2)> b [Aij(2)] ... b <Aij(pi-1)> b [Aij(pij-1)]
Rp [d #s]mym,,...me Cij-1 #],
R,=bR,p b,
R;='b [d-1#s]1,1,...1,m+b-1 b’ (with k-1 1’s in subscript).

In the above subrule, any of the m; for 1 <i <k and r, for i 2 2 may take the value 1. Subscripts and
hyperseparator levels are written with trailing 1’s removed. For example, if n, = 2 but n; = 1 for all

i >k, then \nin,,... = \nino,eone [XIngna,... = [Xlng,n,...ne @nd <Xongn,,... = <Xong,n,,...,n for a string X, and
an (ny, n,, ...)-hyperseparator would be an (ny, n,, ..., ny)-hyperseparator. If n; = 1 for all i, then

\n,n,... =\, [Xlng,n,,... = [X] and Xong,n,,... = X for a string X, and an (ny, ny, ...)-hyperseparator would
be a 1-hyperseparator.

Note that Rule A5b* with the lowest (1, 1, ..., 1, ry, I, ...)-hyperseparator (with k 1’s) within #s,

[AjPi)] = [2\1,1,... 1m0, 2]mym,,...,my (with k 1’s inside brackets)
would mean that
Ri='b [1\11,... 1m0 201,1,....1m+b-1 D (k 1’s inside and k-1 1’s outside brackets)
='b \1,1,....1,me+b-1,r-1,15,... DO’ (with k-1 1’s after backslash).

By setting my = 1, we obtain

Ri=b \11,..1br-1r,.. b,
which is how the (k+1)th subscript of the backslash symbol is reduced by 1. (The kth subscript
becomes b; all other subscripts remain unchanged.)

In Rule A5b, the road from R, ; to R.1 1 is split up into many parts, via layers of separators. This
begins with the i-hyperseparators (i = 2, 3, 4, ...), (i, 2)-hyperseparators, (i, 3)-hyperseparators etc.,
then the (i, 1, 2)-hyperseparators, (i, 2, 2)-hyperseparators etc., then levels (i, 1, 3), (i, 2, 3) etc.,

@, 1, 4), (i, 2, 4) etc., etc., then the 4-entry array levels starting with the (1, 1, 1, 2)-hyperseparators,
then the 5-entry array levels, and so on, right up to the final layer of (my, m,, ... , mg)-hyperseparators
and 1-hyperseparators, with the latter set sandwiched in between the penultimate (m;, my, ... , mg)-
hyperseparator and the \m,m,,...m, Symbol. In each case where the array level of the set of
hyperseparators begins with 1, this is through a separator carrying a potential subscript — for example,
the setof (1, 1, ..., 1, ry, 1y, ...)-hyperseparators (with k 1’s, forsome k=2 1,r;, 22, r; =1 foreachi = 2)
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is immediately via a separator with an ng,n,,...,n, subscript (for some n; = 1 for each 1 <i <k, unless
every n; = 1).

Separators with subscript arrays give rise to angle brackets with them too. When N = ‘nq, n,, ..., ny’ for
somep =1,

Bektby3 =3 <k-1#Hy3[K#n3<k-1#Hy3[K#HN3<k-1#Hy3 (k=1),

‘add [m#]kiyb ="‘akbmm-14#5 b [m#] k-1#Hyb’ (k=2),
where #* does not begin with a 2- or higher hyperseparator when m = 1. For the purposes of Rules A2
and A5 (initial part), a ‘2- or higher order hyperseparator’ includes all (ny, n,, ... , nY-hyperseparators,
where n, = 2. The N can be treated as the rightmost part of the main separator and angle bracket
arrays (separated by a ‘superhyperseparator’) in the Angle Bracket Rules.

Subscript arrays can themselves be extended into multidimensional arrays, nested arrays or even as
advanced as ordinary separator arrays can go. The single backslash without any subscripts is now
equivalent to

Mvipg22]=[1Viz122l =1 \ip1122]=...,

1\ [211[2] 2 2=[1\ [211[2]1,2 2]=[1\ 211[211.1,2 2]=...,

[1 \1[2]1[2]1[2]2 2]=[1 \1[2]1[2]1[2]1[2]2 21=[1 \1[2]1[2]1[2]1[2]1[2]2 2]=..,

Lhupa2 =122l = . =L ipiz22] =L ipmiz22] =,

MVvgiEmz2l =M vagimi@mz2 =L iEieieEiee2 =

MAVig22l=[1 5220 =[1\ig22] = ...,

MVvipgz22l=[lipzg22 =L ippa222]=...,

[1 \1[1\2]2 2]=[1 \1[1\3]2 21=[1 \1[1\4]2 2]=..,

[IT\ipvavzie2]=[A\papiw.312122] =[1\i[ia 1212122l =[1\ia[1[1.31212122] = ...,

[T\irev.212122] =1\ 2\1.212122] = [A VI [1[2 100201212 2] = o

[1\s, 2] =[1\s, 2] =[1\s, 2] = ...

(with S;="1[1[2\1,2]2]2 and Sn="1[1]2\s,2] 2] 2)).

In fact,

\=[1\1a]1[Al] .. 1[Ad 2 2],
in all cases where each [A]] is a hormal separator. A subscript array, like a main array (in curly
brackets), can only contain normal separators in its ‘base layer’.

An (ny [A1] Nz [A2] ... N [Ad] nka)-hyperseparator (the lowest of which is the \n, [A] n, [AJ] ... Nk [Ad Nt
symbol), where each [A] is a normal separator, requires a minimum of n;+n,+...+ny,;-k pairs of square
brackets in order to turn it into a normal separator. This holds true when every [A] = [1] (comma).

The generalised backslash subscript array (for normal separators [Aj])
Wy [AL] 1z [AG] .. 1k [A N
= [1 W42 [Ad] 1z [AG] s [AG] N [Ad] .. 1 [A N 2]
= [1 V1 [A] na+1 [A2] ns [Ag] na [Ad] -.. i [A Nt 2]y
= [1\1 [A] 1 [Ad] na+1 [Ad] Ny [A] .. N [A] s 2]ns [A] 1,

= [1\s [A)] N2 [A2] ns [Ad] ng [AY] .. N [Ad Nes 2]y ([B4] < [A1])
= [1 \1 [A1] S [A2] N3 [As] N4 [Ad]... N [A] Nisa 2]“1 [Ad] N, ([Bl] < [AZ])
= [1\1 [A] 1[A] S [A3] ng [Ad].. N [Ad Nkt 2]ng [A] N5 [AS] s ([Ba] <[A3])
= [1 V1A LA - 1 [Aca] S [Ad N 2Ina [AD M [AS] .. ks [Aka] i ([Ba] <A

[V [A] LAY ... 1A 'S 2]ng [Add 2 [A] .. N [Ad Ness
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where S=1[By]1[B;]...1[Bn] 2 (m =1, [B;] are normal separators).
The backslash itself in the above equalities (other than the last one) may be substituted by a
separator array that contains at least one (1 [A1] 1 [AJ] ... 1 [Ad] 1 #)-hyperseparator (with #
non-empty, containing at least one entry of 2 or greater) in its ‘base layer’, for example,
X\L A LA - 1 [Ad 1m Y]ng [Ad 0o [A7] .. i [A N
=[1 X\ A 1A - 1IAd 1m Y]L[A] 1 [AZ] ne+L [As] g [Ad] .. i [Ad s 2]ng [Ad
(withm 2 2; X and Y are strings either side of \1 [a]1[A]] ... 1 [A] 1,m)-

The 6(p(w, Q+1)) level separator
{ab[1[2\22]2]2}={a0[2\1222] 2> b}
={abdb...<b<b\ys 1pb>b>..>b>b> b}
(with b pairs of angle brackets and b-1 1’sin\; 1 _1p).
This is equivalent to
{fa,b [1[2\113,.122] 2] 2} (withb 1's'in\y11..12).

With k 1’s in the subscript,
{fa,b[1[1[2V111..12122212]2] 2} ={a <0 [1[2\111, 12122 2] 2] 2> b}
={addc..bb\1 1520 b ..>b b b}
(with b+1 pairs of angle brackets and k-1 1’sin 11._1p),
{fa,b[1[2\1211..122] 212} ={@ <0 [2\15111,..1,2 2] 2> b}
={adbdc..bbd\ip11. 100 b ...>b> b b}
(with b pairs of angle brackets and k-1 1’s'in 1. 1p)-
If there was a chain of 1’s and [2]'s prior to the ;11 1, in the subscripts of the above two arrays, this
chain would remain unchanged prior to the ;5 1, in the subscripts on the right-hand side.

When X is a subscript array beginning with 1 and containing at least one entry of 2 or greater, and n is
one more than the sum of all the entries in the ‘base layer’ of X (when reduced by 1),
{a,b[1[1[1...[1[c\x2]2]...2]2] 2] 2} (with n pairs of square brackets)
={a0[1[1..[1[c\x2]2]...2] 2] 2> b}
={ad<bc...<bb[c-1\x 2]y b b>...>b>b> b} (with n+b-2 pairs of angle brackets),
for some other subscript array Y (where [X] > [Y]). If ¢ = 2, the separator [1 \x 2]y ‘drops down’ to \;
(where Z is another subscript array) since the first non-1 entry in X is beyond the entry corresponding
to the final non-1 entry in Y. Z would inherit all the entries and separators of Y plus the entries and
separators of X from the first separator in X that has no counterpart in Y, onwards (with the first non-1
entry of X reduced by 1). This implies that Y and Z would be identical when X contains a single non-1
entry of 2.

| find that
[1 [2V\iz22] 2] has level B8(p(w, Q+1)),
[1 [2\iz2 2] 3] has level B(p(w, Q+1), 1),
[1 [2\i222] 1\2] has level B(p(w, Q+1)+1),
[1 [2\i222] 1 [2V\1z22] 2] has level 8(p(w, Q+1)2),
[1[1 [2\iz22]> 3] 2] has level 8(p(w, Q+1)"2),
11 [2\22]2 1 [2\i22], 2] 2] has level B(¢p(w, Q+1)*¢p(w, Q+1)),
[1[1[1 [2\iz22]s 3]12] 2] has level B(p(w, Q+1)*p(w, Q+1) p(w, Q+1)),
[1[2 [2\i22 212 2] 2] has level B(g(p(w, Q+1)+1)) (R\i22]=[1[2 Vg2 2]12 2)),
[1[1[2 [2\iz2 215 2] 2] 2] has level B(e(e(p(w, Q+1)+1))),
[L1[1[1[2 [2\i22]14a 2] 2] 2] 2] has level B(e(e(e(@(w, Q+1)+1)))).
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Since [2\1222] =[1[2\1 22 2]1,1,..12 2], for any finite number of 1’sin 1112,

[1[2 [2\iz22]112 2] 2] has level 6(G(o(w, Q+1)+1)),

[112 2\ip22]11,..12 212] (wWithn1'sinyg 1) haslevel 8(@(n, p(w, Q+1)+1)),
and as @(n, @(w, a)+1) has limit ordinal ¢@(w, a+1) as n — w, it follows that

[1[3\1222] 2] has level 8(p(w, Q+2)),

[1[4\1222] 2] has level 8(p(w, Q+3)),

[1[1\223]2] has level 8(p(w, Q2)),

[1[1\z2 122 2] 2] has level B(p(w, Q*2)),

[1[1[1\223]2] 2] has level B(p(w, Q"Q)) (2= [1 12 2D),
[1[1[2\121222] 2] 2] has level B(p(w, £q+1)) (Mnprz = [ \ene1z2 2D),
[A[1[1[2\31222] 2] 2] 2] has level B(p(w, £(Eq+1))),

[1[1[2\120222]2] 2] has level 6(9(w, Ga+1)) (12 =1 12 2)),
[L1[1[2\Ma, 12221 2] 2] (Withn1'singy 12) haslevel 6(¢(w, ¢(n, Q+1))),
[1[1[2\11532] 2] 2] has level B(¢p(w, p(w, Q+1))) Men=[1\1zn 2]),

[1[1[1[2\iz42]2]2] 2] has level B(¢(w, p(w, p(w, Q+1)))),

[1[2 V1212 2] 2] has level B(p(w+1, Q+1)),

12\ 211,..122] 2] (withnl'sin,q 12) haslevel B(@(w+n, Q+1)),
[1[2\1 11272 2] 2] has level B(p(w2, Q+1)),

[1[2Mi12111212 2] 2] has level 8(p(w3, Q+1)),

A2\ 1pz.. 1272 2] 2] (with n[2]'s) has level B(@p(wn, Q+1)).

The most significant higher separators are as follows:-
[1[2\1522] 2] has level 8(p(w"2, Q+1)),
[1[2\11422] 2] has level B(p(w"3, Q+1)),
[1[2\ij1212 2] 2] has level B(p(w"w, Q+1)),
[1[2\in222] 2] has level B(p(w ww, Q+1)),
[1[2\1np2222] 2] has level B(p(w w wrw, Q+1)),
[1[2\i1122 2] 2] has level 8(9(eo, Q+1)),
[1[2\i1132 2] 2] has level B(p(g1, Q+1)),
[1[2\iv11222] 2] has level 6(@(Co, Q+1)),
[12\1p11111222] 2] has level B(e(@(3, 0), Q+1)),
[1[2\i[1[2\, 21212 2] 2] has level B(p(p(w, 0), Q+1)),
[T[2V\11112\.31212 2] 2] has level B(p([o, Q+1)),
[1[2\i1[2.1\.2]2]2 2] 2] has level B(p(8(Q"Q), Q+1)),
[T[2\1[1[a[1\:3121212 2] 2] has level B8(@(8(Q"Q"Q), Q+1)),
[1[2\i12v.212122] 2] has level B(9(B(gq:1), Q+1)),
[1[2\1[1[2\..212122] 2] has level B(@(6(Ca+1), Q+1)),
[A[2\1[1[2\221212 2] 2] has level B(@(B(p(w, Q+1)), Q+1)),
[1[2\1[1[2\p92212122] 2] has level B(@(B(p(eo, Q+1)), Q+1)).

Taking S;=1[1[2\122]2]2 and S,.;="1[1[2\s,2] 2] 2,

[1[2\s, 2] 2] has level B(p(B(gq+1), Q+1)),

[1[2\s, 2] 2] has level B8(p(B(@(B(gq+1), Q+1)), Q+1)),

[1[2\s, 2] 2] has level B(p(B(@(B(@(B(eq+1), Q+1)), Q+1)), Q+1)).
The limit ordinal of the S, sequence, and the nested backslash subscript array notation — which | will
call the Nested Subscript Array Notation — is 8(@(Q, 1)). This is due to the fact that @(Q, 1) is the limit
of ¢(a, Q+1) = @(a, (Q, 0)+1) asa — Q.
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A second (more powerful) ordinal collapsing function (8;) can be used within the 6 function in order to
represent the ordinals above the Bachmann-Howard ordinal. It works as follows:

0:(0, a) = Q"q,

61(1, G) = €041+
01(2, a) = Car1+ar
81(a) = 64(a, 0),

B1(a, B) = ¢(a, Q+1+B) (1<a<Q)
= ¢(a, 1+B) (a=0Q)
= ¢(a, B) (Q<a<Q,),
8,(a+1) = By(a, B5(at, 8(a, ... 8,(a)...))) (with w 6,'s),
01(Q) = 9(Q, 1) = 6:(6(6:(8(64(...8(81(0))...)))))  (with w 64s),
01(Q2) = Mas1 = 01(81(64(...81(0)...))) (with w 65's),
8(81(a, B)) = 6(a, B) (a2Qy),

where Q, denotes the second uncountable ordinal. (Q = Q; is the first uncountable ordinal.) We can
define higher collapsing functions (8,)) and create higher uncountable ordinals (Q,.1) by analogy with

0, and Q, above, for example,
6,(0, a) = Q" q,
Bn(a) = Bx(a, 0),

On(a, B) = @(a, Q,+1+B) (1<a<Q,)

= ¢(a, 1+B) (a=Qy)

= ¢(a, B) (Qn < a < Qpua),
Bn(a+1) = 6,(a, 6,(a, Bx(q, ... 8:(a)...))) (with w B,’s),
Bn(Q) = Br(B(Bn(B(Bn(...8(6n(0))...))))) (with w 8y’s),
Bn(Qx+1) = Bn(Bk(Bn(Bk(61(...0k(8,(0))...))))) (with w 6,’s, k £ n),
Bn(Qn+1) = 6n(Bn(Bn(---04(0)...))) (with w By's),
B(Bn(a, B)) = 9((], B) (Q 2 Qn+1)y

B8(Bn(a, B)) = Bi(a, B)

(a2 Qnep, k<n).

We can extend this to 8, functions and Q, uncountable ordinals for transfinite a. 6(Q,,) is a special
ordinal since it is the proof theoretic ordinal of the subsystem M*,-CA, of second-order arithmetic.
There is a whole new universe of ordinals that are far greater than the first fixed point of a = Q within

the 6 function.

An alternative (single-argument) ordinal collapsing function (@) works as follows:

W(a) = &4

Y(a+l) = (o) w

p((Q"a)B) = ¢(1+a, B-1)
= ¢(1+a, B)
= (1+a, B-1)
= 6(1+a, B)

(a<Q),

(power tower of w(a)’s of height w),
(1<a<Q,1=B<w)
(1<a<Q,w=sp<Q)
(az1,1<B<w)
(az1,w=sp<Q).

Like the 8, function (within 8), we can define the y; function (within y) in order to proceed beyond the
Bachmann-Howard ordinal. It works as follows:

LlJl(G) = €0+1+a

Wi(a+1) = wa(a)™w

w1((Q2"a)B) = @(1+a, Q+p)
=o(a, B-1)
=¢(a, B)
=0,(1+a, B-1)
= 0,(1+a, B)

(a < Qy),

(power tower of w;(a)’s of height w),
(1=a<Q,1=B<Qy
Q<a<Q; 1B <w)
Q<a<Q,,wsR<Qora=0Q,1<p<Q,)
(az1,1=B<w)

(az1, wsR<Q,).
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This can be extended further by defining higher y, functions which are comparable with the 8,
functions. | prefer to use the 8 system of collapsing functions since these begin with the finite
numbers (rather than gp) and it is more closely related to the Veblen function. Also, a power tower of
Q’s within the 8 function contains one fewer Q than the equivalent power tower of Q’s within the
function.

The ordinal 8(¢(Q, 1)) = 6(81(Q)) = w1(Q,"Q), using the 6; and y; functions as defined above.

The 6(p(w"2, Q+1)) level separator

{a,b[1[2\1522]2] 2} ={a <0 [2\1352 2] 2> b}

={abdc..bd\ opEpb b ..>b b b}
(with b pairs of angle brackets outside subscript),

where the («—b) means replace the final entry by b. Since

“12b(«<b)y="1TMb[2]1<Hb[2]...1<D>b[2]1 1> b («b) (with b-1[2]s)
“11,,1[12]111,..,1[2] ... 11,.,1[2] 1,1,..,1,b° (b-1 1’s after final [2])
“1012]1[2]...1[2]11,...,1,b (remove trailing 1’s),

it follows that
{a, b [1 [2 \l [3]2 2] 2] 2} = {a bdbc...b<d \1 [211[2]..1[2]1,1,..1,b b>by...> b by b}
(b pairs of angle brackets, b-1 1 [2]'s and b-1 1’siin 11 _1p)-

The following additions are made to Rule Al:
‘a® b («c)="c,
‘a<bb(—c)y=‘a,a ..,a/c (with b-1 a’s).

The following additions are made to Rule A2:
‘add# b («c)="c,
adhb(—cy="a[l#a[l#]..a[l#Cc (with b-1 a’s),
where # begins with a 2- or higher order hyperseparator.

The 6(p(w*w, Q+1)) level separator
{a,b[1[2\i11222]2] 2} ={a <0 [2\111222] 2> b}
={ad b .. b bV g2bEn b b ..>b b b}
={add ... Db\ b b ...>b b b}

(with b pairs of angle brackets outside subscript),
“1<-1>b[b]1<b-Dbb]..1<-1b[b]1<b-1b(«b) (withb-1][b]s)
“1[b]11[b]...1[b]1[b-1]1 [b-1]... 1 [b-1]...... 1[211[2]...1[2]1,1,...1,b

(b-1 each of [b]'s, [b-1]'s, ..., [2]'s and b-1 1’s after final [2]).

where ‘1<b> b («b)

Examples of arrays with separators of higher levels are as follows:-
{a,b[1[2\ipv922]2] 2}
={a<«0[2\1[1122 2] 2 b}
={add ... bbb\ g2 b b ...>b b b}
(with b pairs of angle brackets outside subscript)
={adbdc..DDOVyoi. bdb. bbb D b ...> b b b}
(with b-1 pairs of angle brackets in subscript),
{a,b[1[2\if111\,3222]2] 2}
={a0[2\1[1[1\,3]2]22] 2> b}
={addbc...dbd\LO[1,3]2Db(b)b>b>...> bbb}
(with b pairs of angle brackets outside subscript)
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={adbdc..bDbDVbbdbdi.bdL2byL2..5b\L,2b\y,2 b («b)b> by ...> b b> b}
(with b pairs of angle brackets in subscript),
{a,b[1[2\11[2\,212122] 2] 2}
={a<0[2\11[2\.,212]22] 2 b}
={addc...bbd\10O[2Y,2]2bb)b> b ..>b b b}
(with b pairs of angle brackets outside subscript)
={addc..bDDVbbdc. . bbdy,hb..>b b b(b)b>b>..>b> b b}
(with b pairs of angle brackets in subscript).

In general, when each [A] is a normal separator,
{a,b[1[2\1a]11a)]..1[Ad22] 2] 2}
={a0[2\1[A]1[Al]..1[Ad2 2] 2> b}
={addc...bD\IA]LI[A]... 1[Au] 1A b (—b) > b>...> b b b}
(with b pairs of angle brackets and k 1’s),
where A/’ is identical to A, except that the first entry is reduced by 1.

Taking the arbitrary string S = ‘1 [B4] 1 [B5] ... 1 [B] 2', where m = 1 and each [Bj] is a normal
separator, the recursive definition of an (n; [Ai] N, [As] ... Nk [Ad] Nk+1)-hyperseparator (fork =20, ny = 1,
nz1(1<i<k), na 22 (k2 1) and normal separators [Aj]) is that one of the following four conditions
hold:
1. ltis the \n, [A] n; [A]] ... nc [A] N SYMBbOL.
2. Contains at least one (ny+1 [A7] Ny [A2] N3 [As] ... N [Ad Nk+1)-hyperseparator in its ‘base layer’.
3. Subscripted by n; [A1] N, [As] ... nis [Ai] nj and contains at least one
(L [Ad 1 [A;] ... 2 [A] Nier 1 [Aisa] Nixa [Air2] ... Nk [A] Nk+1)-hyperseparator or
(LA 1 [A] --- L [A4] S TA] Nist [A1] Nia [Ais2] .. Nk [AL] Nks1)-hyperseparator in its ‘base layer’,
with [B4] < [Aj], for some 1 <i < k. (When i =k, the hyperseparator expressions would read
(L [A] 1 [A;] ... 1 [AL] nes1t1)-hyperseparator or (1 [A 1 [A2] ... 1 [Aca]l S [Ad] Nk+1)-
hyperseparator.)
4. Subscripted by n; [A{] ns [A7] ... ng [Ad] Nk+1 @and contains at least one
(L [A] 1 [A;] -.- 1 [Ad] S)-hyperseparator in its ‘base layer’.

The highest order hyperseparators in an array are backslash symbols, so these are determined first,
followed by the next highest hyperseparators, and so on, down to the 1-hyperseparators. A normal
separator is a separator that cannot be defined using the above recursive definition — it is neither
subscripted nor a backslash symbol, and it contains no 2- or higher order hyperseparators in its ‘base
layer’.

In Rule A5, subrules b*, ¢, d and e now become subrules ¢, d, e and f respectively. The backslash in
Rule A5b is now the generalised subscript array \yy symbol, where M contains at least one entry of 2
or greater. The modified and complete Angle Bracket Rules are as follows:-

Rule Al (only 1 entry of either O or 1):
‘ady b =a,
‘ahyb ='a,a,..,a (with b a’s),
‘aOyb («c) =‘c,
‘a<byb(«c)y=‘a,a,..,a,c (withb-1a’s).
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Rule A2 (only 1 entry of either 0 or 1 prior to 2-hyperseparator or higher order hyperseparator):
‘add#yb ="a,
ad#yb =‘al#vall#y..[1#naE (with b a’s),
‘a0 #yb («c) =‘c,
adhyb(—cy="a[l#na[l#n..a[l#nc (withb-1a’s),
where # begins with a 2- or higher order hyperseparator.

Rule A3 (last entry in any 1-space or higher dimensional space of array is 1):
‘a#[A]l Dy b ="adbyb.
When [A] is an M;-hyperseparator, [B] is an M,-hyperseparator and M; < M,, or M; = M, and level of
[A] is less than level of [B],
‘ad [A]l1[B]#5y b’ ="a#[B]#5y b
Remove trailing 1’s.

Rule A4 (number to right of angle brackets is 1):
‘adoyl =‘a.

Rule A5 (Rules A1-4 do not apply, first entry is 0, separator immediately prior to next non-1 entry (cy 1)
is [A11(P1,0)]):

‘a0 [AL1(D] 1[A11(2)] ... L [A12(p12-1)] L [Ara(P1)] C11 #aa #*on D' =@ Sy 1 #9y D,
where p;; 2 1, each of [A; 1(i*)] is either normal separator or 1-hyperseparator, and #* is either an
empty string or begins with a 2- or higher order hyperseparator.
Seti=1andj=1, and follow Rules Aba-f (a, b, c and f are terminal, d and e are not).

Rule A5a (separator [Ai1(pi)] =1\ 2] =\):
Si1="Ry,
Rn='b <A 1(1)» b [Ai1(1)] b <A 1(2)> b [Ai1(2)] ... b <A 1(pi1-1)" b [Ai1(pi1-1)]
b{R,pb \ cii-1#.,
R, =0

Rule A5b (Rule A5a does not apply, separator [A;;(pi;)] = \w, where j =2 and M # ‘1°):

Sij = Roj1,
Rnja =D Ajj(1)> b [Aij(1)] b <Ai(2)> b [Aij(2)] ... b <Aij(pij-1)"> b [Aij(pij-1)]

b <A 1(1)> b [Ai1(1)] b <A 1(2)> b [Ai1(2)] ... b <A 1(pi1-1)" b [Ai1(pia-1)]

b Ry b [A(pi)] Cia-1 #i1 W Cij-1 #)
Rik =D Aikea(1) b [Aira(1)] b <Aik1(2)> b [Aisa(2)] -

b Aikr1(Pikr1-1)> b [Aikea(Pike1-1)] b Rnrr> b [Ai ka1 (Piken)] Ciner-1 H#igeed (1=k<j1),

Ry =0

Rule A5c (Rules A5a-b do not apply, separator [A;;(pi;)] = [d #1]u, Wwhere d = 2 and #; contains at least
one H-hyperseparator in its base layer, where H begins with 1 and H # ‘1’; in other words,
H="1[Hy]1[Hy]...1[H]h#),
where h =22, k = 1 and each of [Hj] is a normal separator):
Sij =0 A(1)> b [A(1)] b <Aij(2)> b [Aij(2)] ... b <Aij(pi-1)> b [Aij(Pij-1)] Ro [d #1]m Cij-1 #,
R,='b R b,
Ri="D [d-1 #1]1 [H] 1 [Ho ... 1 [Hea] 1 <H> b (—m+b-1) b’
where m (which may be 1) is the kth and final entry in the subscript array M when written as
M = ‘my [Hy] my [Ho] ... myg [He]l M.
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Rule A5d (Rules A5a-c do not apply, separator

(AP = [1 [A(D] 1 [AG(2)] - L [A a(pij)]

1[A11(D)] 1 [Ai11(2)] - L [Air1a(Piv1,1)] Cisra Fivaals

where piji1 2 1, Pisra 2 1, G 1 2 2, each of [Ai1(i*)] is either a normal separator or 1-hyperseparator,
and each of [A;;.1(i*)] is a 2- or higher order hyperseparator):

Sij =D <Aij(1)> b [Ajj(1)] b Aij(2)> b [Aij(2)] ... b <Aij(pi-1)> b [Aij(pij-1)]

b «T» b [Aj(pi))] Cij-1 #j,

Ti =D Aijra(1)> b [Aij1(1)] b <Aij+1(2)> b [Aijra(2)] ... b Aijra(Pije1)> b [Aijra(Pijea)] Sivra’

Increment i by 1, reset j = 1, and repeat Rules A5a-f.

Rule A5e (Rules A5a-d do not apply, separator
[AEiD] = [1 [Aja(D] 1 [Aija(2)] - 1 [Aijra(Pijea)] Cijea #ijeal,
where p;j+1 2 1, Cjj1 2 2 and each of [Aj.41(i*)] is a 2- or higher order hyperseparator):
Sij = b Aij(1)> b [Ai(1)] b <Aij(2)> b [Ai(2)] ... b <Aij(pij-1)> b [Aij(pij-1)]
b «Sijrr> b [Aij(pij)] Cij-1 #j.
Increment j by 1 and repeat Rules A5a-f.

Rule A5f (Rules Aba-e do not apply):
Sij="b A1) b [Aij(1)] b Aij(2)> b [Ai(2)] ... b Aij(pip)> b [Aij(piy)] Cij-1 #ij.

Rule A6 (Rules A1-5 do not apply):
amnyb =‘amn-1Hybn#vam-1#Hyb[n#y..[n#]vamn-1#Hyb
(with b ‘a «n-1 # b’ strings).

Notes:
1. A B, A1), Aij2), ..., Aij(piy). Hi are strings of characters within separators.
2. A1), Ay(2), ..., Aij(pij)’, He are strings of characters within angle brackets that are identical to

the strings Aij(1), Ai;(2), ... , Aij(pij), Hk respectively except that the first entries of each have been
reduced by 1. If Ajj(i*) (for some 1 < i* < p;;) begins with 1, A;;(i*)’ begins with 0.

3. Mand N are strings of characters that make up subscript arrays.

4. S;;, Ti, Ry and R, are string building functions which create strings of characters. The R functions
involve nesting the same string of characters around itself n-1 times before being replaced by the
string ‘0.

5. # #, #;, #, and #;, are strings of characters representing the remainder of the array (can be null
or empty).

6. A\y symbolis an N-hyperseparator. A recursive definition of hyperseparators is given on page 25.
A separator that contains no 2- or higher order hyperseparators in its ‘base layer’ is a normal
separator (or 0-hyperseparator).

7. The comma is used as shorthand for the [1] separator.

8. Any 2- or higher hyperseparator may carry a subscript. For example, in Rule A5b, each of the
[Ai;(i*)] separators, for 1 <i* < p;;, is (like [Aij(pi;)] = \w) an M-hyperseparator (where M is at least
‘2" as Rule A5a does not apply), and may either carry the subscript M(i*) (either the whole of M or
the left part of M up to a certain entry) or no subscript at all. If [A;;(i*)], for some 1 < i* < p;;, has the
subscript M(i*), it is written [A;;(i*)]wg-, and the associated angle bracket array that replaces the
preceding 1 would be ‘b «A;;(i*)>mr b’

9. The [1 \y 2]\ separator (M # ‘1’) reduces to a \x symbol, for a subscript array X, according to a
special rule (see below).
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Whenever we encounter a separator of the form [1 \yx 2]y (with a backslash symbol between the only
two entries of 1 and 2), where X and Y are subscript arrays and X # ‘1’, this separator ‘drops down’ to
a simple backslash symbol of the form \;, where Z is another subscript array. This special rule is
known as the Dropping Down Rule.

Dropping Down Rule (separator is of the form [1 \y 2]y with M # ‘1, i.e. has only two entries of 1 and 2
to left and right respectively of backslash subscript array, which is a 2- or higher order
hyperseparator):
1 \[A] 1A .. 1[AW] Ner # 2] [Ad] 2 [Ad] .. P [Ava] N
=\ny [Ad] Nz [Ad] . N [A] L [Akea] 1 [Ake] o L [An] Niper-1 #5
where 0 £k £m, np4 = 2, each of [A] is a normal separator and # represents the remainder of the
backslash subscript array.

When k = m, the Dropping Down Rule becomes:
[1 \L[A] 1A . 1 [A] N # 2]y [A] 02 [A] .. Nt [Ana] iy
=\ny [A N2 [A2] .. N [An] Niner-1 #-

When k = 0, the Dropping Down Rule becomes:
[T \1[A] LA .. 1[AW] Ns # 2]
=S\LIAT LAY ... 1 [An] Ner-1 #-

When k = m = 0, the Dropping Down Rule becomes:
[L\n, # 2] =\n,-1

Trailing 1’s in subscript arrays are removed as with separator arrays and angle bracket arrays. For
example,

Ve =\ and [X]gpar1 = [Xe
When [A] < [B],

Ve iar 1y o = Veerae @nd [X]g a1 814 = [X]# 8 4

This is my complete Nested Subscript Array Notation. The limit ordinal of this notation is 8(¢(Q, 1)) or
8(6.(Q)).

In Rule A5Db, the pathway from R, ; to R,.1 ;1 is split up into many parts, via layers of separators. Ry 1
represents the first layer of 2-hyperseparators or (1 [B1] 1 [B] ... 1 [Bg] 2)-hyperseparators (for normal
separators [Bj]); R, comprises the second layer of separators, which could be the set of
3-hyperseparators, (1, 2)-hyperseparators, (2, 2)-hyperseparators, (1, 3)-hyperseparators, or

(N1 [B4] N [Ba] ... ng [Bg] Ng+1)-hyperseparators, where ni+n,+...+ng.1-0 is either 2 or 3 (but not
2-hyperseparators); R, ; contains the third layer of (ny [B1] n; [B] ... Ng [Bg] Ng+1)-hyperseparators,
where n;+ny+...+ng41-q is either 2, 3 or 4 (but not 2- or 3-hyperseparators). In general, R, is the string
of (ny [B1] N2 [B7] ... ng [Bg] Ng:1)-hyperseparators, where ni+n,+...+ng.1-0 can be any integer from 2 to
k+1 (but not k-hyperseparators or below). The final layer of M-hyperseparators and 1-hyperseparators
is represented by R, .1, which sandwiches the 1-hyperseparators in between the penultimate
M-hyperseparator and the \\; symbol. In each case where the array level of the set of hyperseparators
begins with 1, this is through a separator which may possess a subscript — for example, the set of
(1[B4] 1[B] ... 1 [Bg] ng+1 #)-hyperseparators (for some q 2 1 and ng.;1 2 2) is immediately via a
separator with an n; [B;] n, [B2] ... ny.1 [Br.1] N, subscript (for some 0 < r < q, where r = 0 represents no
subscript).
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Rule A5c with the lowest H-hyperseparator within #;,

(APl = [2\1 [H] 1[Ho] .. 1[H h # 2]m
would mean that

Ri="0 [1\1[H]1[H,] ... 1[HJh# 2]1 [H] 1[Ho] ... 1 [Hea] 1 HO b (em+b-1) b’

=D \L[Hy] 1 [Hy] ... 1 [Hea] 1 <HO b (—m+b-1) [H] h-1#, b’ (Dropping Down Rule).

By setting m = 1, we obtain

R1="D \1[H]1[H] ... 1 [Hea] 1 HO b (—b) [HI h-1#, b,
which is how the (k+1)th entry of the backslash subscript array is reduced by 1. (The kth entry is
completely filled up with 1’s in the space corresponding to the separator [Hy], with b 1’s in each ‘row’,
b ‘rows’ in each ‘plane’, etc., and the very last of these 1’s is replaced by b; all other entries remain
unchanged.)

Can anyone beat this function? It is defined as follows:
S(n)={3,n [1[2\r, 2] 2] 2},

where Ri=“1[1[2\r,2]2] 2,
R, ="1,2.

While S(1) = 3, the number
S2)={3,2 [1[2\1[1[2.212122] 2] 2}
={8«0[2\1[1[2\,212]122] 2> 2}
={3«22\s 2> 2 2},
where A=1<«0[2\1,2]2 2 (<2)
1422\, 2> 2> 2 («2)
“12\2[2,2]2\2> 2 («2)
1[22[2\,2]2\2]1[1\2[2\, 2] 2\2]1[2[2\, 2] 2\2] 1 [1[2\; 2] 2\2]
1222, 2]1\2]1[1\2[2\, 2] 1\2] 1[2[2\, 2] 1\2] 1 [1[2 \, 2] 1\2]
1[2\2[2\,2]2]1[1\2[2\,2]2]1[2[2\,2]2]1[1[2\,2]2]1[2\2] 1 [1\2] 1 [2] 1,2,
which means that
S(2)={3«2[1\2]2[2\a2]2[1\a2] 2> 2}
={82\2[2\42]2\2> 2} ([1 \a 2] =\ as A has single non-1 entry of 2)
={B[1\2[2\x 2] 2\2] B [2\2 [2 \4 2] 2\2] B [1\2 [2 \4 2] 2\2] B},
where B=‘3<«0\2[2\\2]2\2>2
3«2[2\W2]12\2> 2
‘Cl[1[2\w2]12\2]C[2[2\a2]2\2] C[1[2\s 2] 2\2] C,
where C=3«{0[2\W2]2\2>2
B22\W22[2\,2]1\2 2,
where A* is identical to A except that the final ‘1,2’ is replaced by ‘1 0> 2 («2)’ = 2’ (Rule A5c),
which means that
C=8Q2[1\w2]2[2\Ww2]2[1\a+2]2[2\42]2\2> 2
=32\2[2\w2]2\2[2\42]1\2> 2 ([1 \a+ 2] =\ as A* has single non-1 entry).
It would be rather tedious to go any further — we would eventually encounter a string where there are
65,536 [2 \a, 2] separators in
B@2\2[2:2]2\2[2\22]1\2[2\1 52 2] 1\2 ... [2\a 2] 1\2[2\0 2] 1\ 2> 2,
where each A, is identical to A; (starting with A; = A and A, = A*) except that the ‘1 [X;,1] 2" at the end
of A1 (taking [X.] as its final separator) is replaced by ‘1 <Xi.1» 2 («2)’ (Rule A5c), before the last A;
contains a single entry.

The third value of the S function,
SB)={3,3 [1[2\1[1[2w 21212 2] 2] 2} (withA="11[2\,2]2]2)
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={3«0[2\1[1[2\\2]2122] 2> 3}
={833 33 \s3 3 3 3}
where B='1«[2\42] 2> 3 («3)
=1@O[2\[1[2\,2]2]22] 2> 3 («3)
=133 3BM0[2\,223(3) 3 DD 3(<3)

=1333B3334u3333(<3) I3 («3).

In general,
S(n) ={3««n<..<n<n\r, M N> ...> N> M n}
where Ri=“1<n<nc...<nn\r, MM ...y MmN («n)
R, ="n".

Imagine how huge this number must be:
S(S(S(...S(3)...)) (with S(3) S’s).
It surely must be scraping infinity!
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