Beyond Bird’s Nested Arrays IV

The Nested Hyper-Nested Array Notation, as evolved in the first three Beyond Bird’s Nested Arrays
documents, was created for the ‘layman’ — it is made as easy to follow and understand as possible.
What if | experimented by changing some of the rules, in particular, the ‘super-rule’ Angle Bracket
Rule A5 on pages 24-25 of Beyond Bird’s Nested Arrays I11? Is it possible for the limit ordinal of the
Nested Hyper-Nested Arrays to be much greater than the Bachmann-Howard ordinal?

The separator with level @(gg, 0) was introduced on page 20 of Beyond Bird’s Nested Arrays | and
originally written as [1 [1\ 2]\ 2]. The rewriting of the [X]\ 1-hyperseparator (for an arbitrary array X)
as [X-2] at the beginning of Beyond Bird’s Nested Arrays Il has led to the @(gg, 0) level separator
being written as [1 [1\ 2 =2] 2]. But the same ordinal can be achieved by putting a normal separator
(or 0-hyperseparator) in place of the backslash (lowest 1-hyperseparator), as follows:
[L[1[1\2]2-2] 2]
The [1[1\2 2] 2] separator can represent a higher ordinal level, perhaps the highest level possible
using the notation — this is achieved by going as far as possible using only normal separators in the
‘base layers’ of brackets ending in ‘=2’ before introducing 1-hyperseparators (I have always pursued
this policy in the ‘base layers’ of entire separators, though in layers containing n-hyperseparators
where n = 2, | have only furthered the development of n-hyperseparators whilst treating
1-hyperseparators much like normal separators). Rule A5 would need to be modified in order to
accommodate this revision.

In order to signify the change in the rules and avoid confusion with the notation in the previous
document, | have decided to use forward slashes instead of backslashes, so \ becomes / and \,
becomes /, (the n subscript can be omitted when n = 1). Subscripts are somewhat easier to read
when placed after forward slashes and it is possible to ‘tuck’ subscripts underneath a forward slash
when space is at a premium. The = symbol (lowest 2-hyperseparator), which was generalised as \; in
Beyond Bird’s Nested Arrays Il and now denotes /5, is now written as the ~ symbol (or tilde); ~ is
easier to read than /, in large separator expressions. Thus,

[L[1[1\2]2-2]2] nowbecomes [1[1[1/2]2~2]2],

[1[1\2-2] 2] now becomes [1[1/2~2]?2].

All the ordinal levels of the separators up to (but not including) [1[1[1/2] 2 ~2] 2] remain essentially
the same as before. The ones listed on the first page of Beyond Bird’s Nested Arrays Il (from [1\ 2]
onwards, now [1 / 2] onwards) are as follows:

[1/2] has level ¢,

[1[1/2]2/2] has level €2,

[L[1[1/2]2/2]2]/2] has level gy"¢,

[1/3] has level ¢,

[1/4] has level g5,

[1/1,2] has level g,

[L/1[1/2]2] haslevel g(go),

[1/1/2] haslevel {p=¢(2,0),

[1/1/1172] haslevel ¢(3,0),

[1[2~2] 2] has level @(w, 0),

[1[1, 2 ~2] 2] has level @(w*w, 0),

[1[1]2] 2 ~2] 2] has level @(w*w”w, 0),

[1[1]1, 2] 2~2] 2] has level @(w ww’w, 0).



The ordinal levels of the revised separators from [1[1[1/2] 2 ~2] 2] onwards are as follows:

[1[1[1/2]2~2]2] has level @(gq, 0),

[1[1[1/2]2~2]3] has level @(gg, 1) (limit ordinal of @(a, @(gg, 0)+1) as a — &),

[1[1[1/2]2~2]1, 2] has level @(go, w),

[1[1[2/2]2~2]1[1/2]2] has level @(go, €0),

[L[1[2/2]2~2]1[1[1[1/2]2~2]2]2] has level (g, ®(gg, 0)),

[L[1[1/2]2~2]1[1[1[1/2]2~2]1[1[1[1/2]2~2]2]2]2] has level @(co, ®(€0, P(Eo, 0))),

[L[1[1/2]2~2]1/2] has level ¢(gpt+1, 0),

[1[1[2/2]2~2]1[1[1/2]2~2]2] has level ¢(g2, 0),

[1[2[1/2]2~2]2] has level ¢(gow, 0),

[1[1,2][1/2]2~2]2] has level @(gow”w, 0),

[1[1[1/2]3~2]2] has level @(eg”2, 0),

[L[1[1/2]1[1/2]2~2]2] has level ¢(gp™ep, 0),

[L[1[1/2]1[2/2]1[1/2]2~2]2] has level ¢(gg”ep"2, 0),

[L[1[2/2]2~2]2] has level @(gp"eg™w), 0),

[L[1[1[2/2]2/2]2~2]2] has level @(gg™ep"e, 0),

[L[1[1/3]2~2]2] has level @(g1, 0),

[L[1[1/1,2]2~2]2] has level @(gy, 0),

[L[1[1/1[1/2]2]2~2]2] has level ¢(g(€p), 0),

[L[1[1/172]2~2]2] has level ¢({o, 0) = @(p(2, 0), 0),

[1[1[1/1/1/2]2~2]2] has level @((3, 0), 0),

[1[1[1[2~2] 2] 2 ~2] 2] has level ¢(p(w, 0), 0),

[L1[1[1[1,2~2]2]2~2]2] has level ¢(p(w w, 0),0),

[L[1[1[1[1/2]2~2]2]2~2]2] has level @(p(go, 0), 0),

[L[1[2[1[1[2[1/2]2~2]2]2~2]2]2~2]2] has level @(p(p(co, 0), 0), 0),

[L[1[1[2[1[2[2[1[2/2]2~2]2]2~2]2]2~2]2]2~2]2] has level @(p(p(p(gg, 0), 0), 0), 0).
The sequence of separators starting with the last three has limit ordinal I'g = 8(Q). The 8 collapsing
function (in single-argument form when the second argument is zero) is used to express the transfinite
numbers beyond the Gamma ordinals ([, = 6(Q, a)).

I now have the [1[1/2 ~2] 2] separator at level I'y. This entails a rather awkward double nested
brackets procedure at a much lower level than previously, as | have avoided this procedure until level
8(Q"Q"Q). Hence, the revised separator expressions on Beyond Bird’s Nested Arrays Il would be
more unwieldy, particularly where large expressions are repeatedly ‘plugged’ into normal separators
(somewhere within the entire separators), in order to determine limit ordinals.

Rule A5 (pages 24-25 of Beyond Bird’'s Nested Arrays Ill), has five subrules (a-e) and two counters —
a branching counter (i) and a nesting counter (j). Two of the five subrules involve branching or nesting
up a level and repeating the five subrules for the next level — subrule ¢ increments i by 1 and resets j
to 1, while subrule d increments j by 1 — all other subrules terminate.

I now make some changes to Rule A5. In Rules A5c and A5d, each of [Ai+1 1+ iS a normal separator
and each of [A;j+1,+] is a 1- or higher order hyperseparator. This is due to the fact that the revised
1-hyperseparators are now proper hyperseparators, truly distinguishable from normal separators and
acting much more like the 2-hyperseparators in the previous notation. The forward slash (/) is now
very much different from the [1 / 2] separator.

In fact, Rule A5c can now be abolished and removed from the rules (with the default subrule, Rule
Abe, applying in these cases). This is because it is really designed for the cases when [Ai.11 p.,,] IS @



1-hyperseparator under the previous notation, and we can exit Rule A5 with A5e and start afresh by
considering all of the Angle Bracket Rules when [A;.1 1 p.,,] iS @ normal separator, as the angle bracket
string ‘D <Ai+1,1,p11,> B (Where Aiq1p.,, is identical to Ajiq 1 ., €Xcept that the first entry has been
reduced by 1) does not contain any 2- or higher order hyperseparators — only Rules Al, A5 or A6 can
apply when evaluating ‘b <Aj+1,1p.,,> b, and when Rule A5 applies (Aj+1,1p.,, begins with 0 and at
least one other entry), the #* string is blank. This means that the branching counter (i) is no longer
necessary and the nesting counter (j) is now denoted by the variable i.

Rule A5a now comes into operation for all values of i (previously j); it becomes a multinesting subrule
(like A5b, which will be changed later). As | hope that Rule A5b will be absorbed into A5a, Rule A5b is
now known as Rule A5a*, while Rules A5d and A5e are now renamed Rules A5b and A5c
respectively. Since the revised Rule A5b works equally well when [A; ;] is a 1- or higher order
hyperseparator, rather than [Aj+1 p.,] (previously [A;j+1p;.]), | have decided to make another minor
alteration to that rule.

Angle Bracket Rule A5 (excluding A5a*) now reads as follows:-

Rule A5 (Rules A1-4 do not apply, first entry is 0, separator immediately prior to next non-1 entry (c;)
is [Avp.]):

‘@<0[AL1] 1 [A12] ... L[A ] C1# #H> D' ="a S #H b,
where p; 2 1, each of [Ay] is either a normal separator or 1-hyperseparator, #, contains no 2- or
higher order hyperseparators in its base layer and #* is either an empty string or begins with a 2- or
higher order hyperseparator.
Set i =1 and follow Rules A5a-c (a, a* and ¢ are terminal, b is not).

Rule A5a (separator [Aip] = [1 /2 2] = /):
Si =Ry,
Forn>1and 1<k<i,
Rni =D Ai1» b[Ai] b Aio»> b[A2] ... b Aip1» b[Ap1 bRy b [/ G-1#,
Rnk =D Ac1> b [Aca] b Ak 2> b [Ax2] ... b A pe1 b [Axpe1] B (Rpken b [Akpd Ci-1 #d
Ry1="0.

Rule A5b (Rules A5a-a* do not apply, separator [A; ;] = [1 [Air1,1] 1 [Ais1,2] .. 1 [Ais1pia] Civ1 #ira],
which is a 1- or higher order hyperseparator, where pi+1 2 1 and ci; = 2):

Si="'bAi1» b[A1] b Ai2> b[A2] ... b Aip1> b [Ap1] b Sisp b [Aip] C-1 #'.
Increment i by 1 and repeat Rules A5a-c.

Rule A5c (Rules A5a-b do not apply):
Si = ‘b (Aivly) b [Ai,l] b (Ai,Z,) b [Aiyg] ...b (Ai,p\,) b [Ai,pi] Ci-l #i’-

(When i =1, Rule A5a remains the same as before, otherwise, it involves i layers of angle brackets
per iteration of n in the Ry function. In Rule A5b, [A; ;] being a 1- or higher order hyperseparator
implies that each of [A;j] is a 1- or higher hyperseparator.)

| can now redefine the Iy level separator:
{a,b[1[1/2~2]2]2}={a<b Db Db Db<..<b<b<b<b~2>b>b~2>b>..>b~2> by b~2)> b> b}
(with 2b-2 pairs of angle brackets and b-1 ~’s).



The above is verified using the revised Rule A5:
{a,b[1[1/2~2]2]2}={a<0[1/2~2]2> b}
={a «Sp b}.
Since p;=1,cy =2, # =#* =" (blank),
[Ara]l=[1/2~2] (1-hyperseparator),
P2=1,C2=2,#,="~2]
[Az1] =1 (1-hyperseparator),
by Rule A5b,
S1='b<S» b,
and by Rule Aba,
S2="Rp 2,
Rn2=b (Rp1,10 b ~2,
Rh1=b Ry b (so, S;1 =Rp1)
=bd Ry b~ b
Rl’]_ =0
It follows that,
{a,b[1[1/2~2]2]2}={a Ry b},
where R,=b b R,pb~2>b’,
Ry ="0.

The ordinal levels of the revised separators from [1[1/2 ~2] 2] onwards are as follows:
[1[1/2~2] 2] has level [, =06(Q),
[L[1/2~2] 3] has level 1 =6(Q, 1),
[1[1/2~2]1/2] has level B8(Q+1) (first fixed point of a =),
[L[1/2~2]1[1/2~2]2] has level 8(Q2),
[L[272~2] 2] has level B(Qw),
[L[1[1/2]2/2~2]2] has level 8(Qgp),
[L[1[1[1/2~2]2]2/2~2]2] has level 6(Ql),
[L[1[1[2[1[12/2~2]2]2/2~2]2]2]2~2] 2] has level 6(Q6(QlY)),
[L[1/3~2] 2] has level 6(Q"2),
[L[1[1/2]2/3~2]2] has level 8((Q"2)¢y),
[L[1[1[2/3~2]2]2/3~2]2] has level B8((Q"2)6(Q"2)),
[L[1/4 ~2] 2] has level B(Q"3),
[1[1/1,2~2]2] has level 8(Q"w) (small Veblen ordinal),
[L[1/1]1/2]2~2]2] has level 8(Q"¢p),
[L[1/71]2[1/2~2]2]2~2]2] has level 8(Q" ),
[L[1/2[2[1/1[1[2/2~2]2]2~2]2]2~2]2] has level B(Q"6(Q ),
[L[2/721[2[1/2[1[2/1[1[1/2~2]2]2~2]2]2~2]2]2~2]2] has level 8(Q"6(Q"6(Q"p))).

[L[1/1/2~2]2] has level 8(Q"Q) (large Veblen ordinal),
[L[1/2/2~2] 2] haslevel 8(QNQ+1)),
[L[1/1[1/2]2/2~2]2] has level B(QNQ+¢eg)),
[L[1/1[2[1/1/2~2]2]2/2~2]2] has level 8(QNQ+6(Q"Q))),
[L[1/1/3~2]2] haslevel 8(Q*Q2)),

[L[1/1/1[1/2]2~2]2] has level B(Q"Q¢p)),
[L[2/71/1[1[2/1/2~2]2]2~2]2] has level 8(QNQB(Q"Q))),
[L[1/1/1/2~2]2] has level 8(Q"Q"2),

[1[1[2~2] 2 ~2] 2] has level B(Q*"Q"w),
[1[1[1[1/2]2~2]2~2]2] has level B(Q"Q"ep),



[L[L[L[L[1/1/2~2]2]2~2]2~2]2] has level B(Q QE(Q"Q)),
[L[L[L[L[L[L[L[1/1/2~2]2]2~2]2~2]2]2~2]2~2] 2] has level
B(QMQ1B(Q1QAE(QQ))).

[L[L[1/2~2]2~2]2] has level 8(QQQ),

[L[1[1/2~2]3~2]2] has level 8(QAN(QQ)2)),

[L[L[1/2~2]1/2~2]2] has level B(QAQNQ+1)),
[L[1[1/2~2]1[1/2~2]2~2]2] has level 8(Q'QNQ2)),

[L[1[2/2~2]2~2] 2] has level 8(Q*\QNQw)),

[L[1[1[L1/2]2/2~2]2~2]2] has level B(Q*QNQEo)),
[L[L[1[L[L[1/2~2]2~2]2]2/2~2]2~2]2] has level B(Q"QNQB(QQAQ))),
[L[1[1/3~2]2~2]2] has level 8(Q'QMQA2),

[L[1[1/1[1/2]2~2]2~2]2] has level B(Q*Q QAey),
[L[L[1/1[1[1[1/2~2]2~2]2]2~2]2~2]2] has level B(QAQAQMN(QMQAQ)).

[L[L[1/1/2~2]2~2]2] has level 8(Q*QQAQ),

[1[1[1/1/3~2]2~2]2] has level 8(Q*QQNQ2)),

[L[1[1/1/1/2~2]2~2]2] has level B(Q"QAQAQA2),

[1[1[1[2~2]2~2]2~2] 2] has level B(Q"QQ QA w),

[L[L[L[L[L1/2]2~2]2~2]2~2] 2] has level B(QAQAQ QM ey),
[L[L[L[L[L[L[1/1/2~2]2~2]2]2~2]2~2]2~2] 2] has level B(QAQAQAQM(QAQMNNQ)).

A pattern can be seen:

[L[1/2~2] 2] has level o =6(Q),

[1[1/1/2~2]2] has level 8(Q"Q),

[L[1[1/2~2]2~2] 2] has level 8(Q*"Q"Q),

[L[1[1/1/2~2]2~2]2] has level B(Q*4) = 8(Q Q" QM)

[L[1[1[1/2~2]2~2]2~2] 2] has level B(Q""5),

[L[1[1[2/1/2~2]2~2]2~2]2] has level B(Q*6),

[L[1[1[2[1/2~2]2~2]2~2]2 ~2] 2] has level B(Q"\7).
The sequence of separators has limit ordinal 6(¢q++4) (Bachmann-Howard ordinal), which is achieved
without the need for any subscripts in the slashes, although the ~ symbol is the /;, symbol, the lowest
2-hyperseparator. (I have used ~ for /; as ~ is easier to read in large separator expressions.)

In general, with n layers of square brackets (n = 2),
[L[1[2[..[A[1/2~2]2~2]...]12~2] 2 ~2] 2] has level B(Q"(2n-3)),
[L[2[1[...[2[2/1/2~2]12~2]...]12~2]2~2] 2] has level B(Q"\(2n-2)).

The 6(Qw) level separator
{a,b[1[2/2~2]2]2}={a<«0[2/2~2] 2> b}
={a «Sp b}.
Since p;=1,c1=2,# =#" =" (blank),
[A1a] =[212~2] (1-hyperseparator),
by Rule A5c,
Si=b<1/2~2> b,
and by Rule A6,
S1=b<«0/2~2b[1/2~2]b0/2~2b[1/2~2]...[1/2~2]b<0/2~2> D’
(with b ‘b <0 / 2 ~2» b’ strings).
By Rule A5 (again),



Db«0/2~2b =bS;~> Db
Since py=1,¢1=2,# =" (blank), # = ~2,

[Ar1] =/ (1-hyperseparator),
by Rule A5a,

S1="Rp1,

Rn1=b R0 b,

Ri1=0.

It follows that,
{a,b[1[2/2~2]2]2}={a<S[1/2~2]S[1/2~2]...[1/2~2]S>» b}
(with b S strings),
b«0/2~2b
‘bdhdbbc. bbb ..>bbb~2>Db
(with b-1 pairs of angle brackets and one ~ symbol).

where S

The main reason for excluding 2- or higher order hyperseparators from the #, string (placing them in
#* instead) is that we would have the second-layer 'y level

b@/2~2b =bd<bc..bb~2>b~2 ..>b~2>b~2>b

(with b-1 pairs of angle brackets and b-1 ~’s),

which produces an angle bracket array associated with a much higher ordinal (Bachmann-Howard
ordinal, see later). Since ‘b<«0/2 ~2) b’ is essentially second-layer or above, it is acceptable to have
it yielding an angle bracket array associated with a much lower ordinal, such as (g, 0), but which is
large enough to form a basis for a sequence of ordinals towards the desired one (e.g. Iy is the limit of
the sequence @(gq, 0), ®(@(go, 0), 0), P(P(P(gg, 0), 0), 0) etc.) — this should result in no changes to the
ordinal levels of the separators.

The 6(Q%¢p) level separator
{a,b [1[2/1[2/2]2~2]2] 2}={a<0[1/1[1/2]2~2]2> b}

= {a «Sp b}.
Since p;=1,c1=2,# =#* =7 (blank),
[Ara]=[1/1[1/2]2~2] (1-hyperseparator),
P2=2,C2=2, # ='~2,
[Aza] =1 (1-hyperseparator),
[Azo] =[1/2] (0-hyperseparator),
by Rule A5b,
S1='b<S» b,
and by Rule A5c,
S,=b/b«0/2>b~2 (since ‘b <Az 1» b’ ="b «0~2) b’ ="b’).

Putting this together, we obtain,
{a,b [1[1/1[1/2]2~2]2] 2}={a<b<b/b<0/2>b~2> b b}.
After exiting the entire Rule A5, we then re-enter it in order to evaluate
‘bO/2>b =b<<Sp b,
Since p;=1,c1=2,# =#" =" (blank),

[A11] =/ (1-hyperseparator),
by Rule A5a,

S1="Rp1,

Rn1="bRp1p b,

R1’1 =0.

It follows that,
{a,b [1[1/1[1/2]2~2]2] 2}={a<b<db /S ~2> b b},



where S=‘b<b<b<«..<brb>..>b b b (with b-1 pairs of angle brackets).

The previous Rule A5c (Beyond Bird’s Nested Arrays lll) is redundant as similar results are obtained
for general [A1 1] containing one or more 1’s and hyperseparators followed by one or more 1’s and
normal separators.

The 6(Q*Q"Q) level separator
{a,b [1[1[1/2~2]2~2]2] 2}={a<«0[1[1/2~2]2~2] 2> b}

={a «Sp b}.

Since p; =1, ¢y =2, # =#* =" (blank),
[Ar1]=[1[1/2~2]2~2] (1-hyperseparator),
P2=1,c2=2,#,="~2),

[Aza]l=[1/2~2] (1-hyperseparator),
pP3=1,C3=2, #3="~2,
[Az1] =/ (1-hyperseparator),

by Rule A5b (twice —withi=1and i = 2),

S;=b¢Sy b’

=bbSpb~2 b,

and by Rule Aba (with i = 3),

S3="Rp3’

Rns =‘b (Rp110 b ~2,

Rn1=‘b Ry b’

=bdbRzpb~2 P

‘bbb RL1DD~2b~2>b,

R]_,]_ =0
As S; = Ry, it follows that,

{a,b [1[1[1/2~2]2~2] 2] 2}={a<«Rp b},
where R,=‘b kb bRy b~2>b~2> b,

R, =0
Rule A5a involves three layers of angle brackets per iteration of n in the R, x function, with two of
these containing ‘~2’ at the end of the angle brackets.

With k layers of square brackets (k = 2), the 8(Q""(2k-3)) level separator
{fa,b [1[1[1[...[1[2/2~2]2~2]...12~2]2~2] 2] 2} ={a <Ry b},
where R,=‘b<bdb«.. b bR p b~2>b~2>...> b~2>b~2> b’
(with k pairs of angle brackets and k-1 ~’s),
R]_ =0.
Rule A5a involves k layers of angle brackets per iteration of n in the R, x function, with all but one of
these containing ‘~2’ at the end of the angle brackets.

We can proceed beyond the Bachmann-Howard ordinal by introducing the [1 [1~3] 2] separator
(previously at the Iy level). In terms of the array notation, its definition remains the same as before:

{a, b[1[1~3] 2] 2} = {a <0 [1~3] 2> b}

={a<b b b ... b b~2>b~2...> b~2> b~2) by b}
(with b pairs of angle brackets and b-1 ~’s).

This is equivalent to

{a,b [L1[2[1[...[1[1,2~2]2~2]...]2~2]2~2]2] 2} (with b pairs of square brackets),
where the separator has level 8(Q*Q Q... AQ"w"w) (with 2b-4 Q’s).



Unlike with the notation in the previous document, | intend to allow the possibility of mixing
hyperseparators of different levels on the same ‘nested level’ of a separator, for example,
[#[a/sb/5c/pd] #] (# and #* represent the remainder of the entire separator),
as this system leads to even more gigantic numbers. 1-hyperseparators are created and developed
by repeatedly nesting normal separators (either the entire separator array or a normal separator within
it); 2-hyperseparators are obtained and furthered by repeatedly nesting 1-hyperseparators;
3-hyperseparators are launched and advanced by repeatedly nesting 2-hyperseparators; and so on.
In general, n-hyperseparators are introduced and grown by repeatedly nesting (n-1)-hyperseparators;
there is a proper hierarchy of hyperseparator levels, where an n-hyperseparator outranks any
(n-1)-hyperseparator. With a ‘nested layer’ ending in, say, /m k', the aim is to ‘build up’ the
hyperseparators preceding it (from normal, 1-hyperseparator, 2-hyperseparator etc.) until one
achieves an (m-1)-hyperseparator immediately preceding the ‘/;, k’ that is an exact copy of that
‘nested layer’ (up to a certain number of levels), meaning that the (m-1)-hyperseparator would also
end in ‘/, kK’ and preceded by a similar (m-1)-hyperseparator, and so on, to a given number of levels.
The limit of this would be represented by the original ‘nested layer being [1 /i, k+1].

The ‘super-rule’ Angle Bracket Rule A5 effectively has three subrules, according to the composition of
the [A; ;] separator:

A5a: [Aip] = [1/m+1 2] =/ (m=1).
ASD: [Ai,pi] =[1[Airpa] 1 [Aiv12] .. 1 [Ai+1,p‘+1] Cir1 His1],
which is an m-hyperseparator (pi+1=21,Ce122, m21).

A5c: All other scenarios of [A;,].
The Rule now uses a set of x tally counters (or t-counters), where x is the highest hyperseparator
level found within the [A; ] separator; this highest level is the /, symbol. The t-counters are labelled
from t; to t, with t, representing the number of consecutive applications of Rule ASb where [A,] is a
k- or higher order hyperseparator (i is a (k+)-hyperseparator counter). It begins with i set to 1 and all
of t1, ty, ..., ty set to 0. When Rule A5b needs to be executed and [A; ;] is an m-hyperseparator, all of i,
ty, to, ..., ty are incremented by 1, while all of ty11, tm+2, ... , tx are reset to 0 and Rules A5a-c are
repeated for [A; 5] after i = t;+1 is increased by 1. The Rule A5 procedure is terminated when either of
the other two subrules apply. When [A; ;] is the m-hyperseparator forward slash symbol, Rule A5a
(now absorbing Rule A5a*) is performed for the highest t,+1 layers of the angle bracket array in the
initial part of A5 (from layers s = i-t,, to i; all layers when m = 1); this involves repeatedly nesting these
tn+1 layers of angle brackets b-1 times, or t,+1 layers per iteration of n in the R,, function (n
decrements by one b-1 times, as R; = ‘0’).

The revised Rule A5a reads as follows:-

Rule A5a (separator [Aip] = [1 /m+1 2] = /m, Wwhere m 2 1):
S = i-ty,
Si = ‘Rb,i’-
Forn>1ands<k<i,
Rni = ‘b <Ai1» b[Ai1] b Aio» b [Aig] ... b Aip1» b [Aipa]l b (Rnae b I -1 #,
Rnk = D «Ax 1> b [Aca] b <Ax2> b [Ak2] ... b Ak 1 b [Akpet] B (Rpsr b [Axpd Ce-1 #id,
R]_’S =0.

The initial part of Rule A5 ends with the line:-
Setitolandty,ty, ..., t, to O (where x is the highest subscript to a forward slash within [A; ,,]), and
follow Rules A5a-c (a and c are terminal, b is not). (Note that i = t;+1 throughout.)



In Rule A5b, [A; ] is an m-hyperseparator, where m = 1. This rule ends with the line:-
Incrementi, ty, to, ..., ty by 1; reset ty+1, tm+2, ... , tx t0 0 and repeat Rules A5a-c. (i = t;+1.)

The Bachmann-Howard level separator can now be verified using the revised Rule A5:
{a,b[1[1~3]2]2}={a<0[1~3] 2> b}
={a «Sp b}.
Since p;=1,c1=2,# =# =" (blank),
[A11] = [1~3] (1-hyperseparator),
p2 =1, c, =3, #, =" (blank),
[Az1l =~ (= 1) (2-hyperseparator),
by Rule A5b (m = 1),
S1=bS» b,
tl = l, tz = O,
and by Rule Aba (m =2, s = 2),
S2="Rp2)
Rn2='b Rp.122 b ~2,
Rl,2 =0
It follows that,
{a, b[1[1~3] 2] 2} = {a <b <Ry b> b},
where R,=‘b Rh.p» b~2,
R]_ =0.

The ordinal levels of the revised separators from [1 [1~3] 2] onwards are as follows:
[1[1~3] 2] has level B(eq+1),
[2 [1~3] 2] has level B(gq+1)+1,
[1[1/2]2[1~3] 2] has level B(eq+1)+¢€o,
[1[1[1~3] 2] 2[1~3] 2] has level B(eq+1)2,
[L[1[1[1~3]2]2[1~3]2] 2[1~3] 2] has level B(eq+1)"B(€q+1),
[1/2[1~3] 2] has level €(B(eq+1)+1) =B(1, B(eq+1)+1),
[L[1/2~2]2[1~3] 2] has level [(B(eq+1)+1) = 6(Q, B(eq+1)+1),
[L[1/1/2~2]2[1~3] 2] has level B(Q"Q, B(gq+1)+1),
[L[1[1/2~2]2~2]2[1~3] 2] has level B(Q"Q"Q, B(eq+1)+1),
[1[1~3] 3] has level B(eq+1, 1)
(limit ordinal of B(a, B(eq+1)+1) = 6(a, B(B(eq+1), 0)+1) as a — €q+1),
[1[1~3] 4] has level 6(eq+1, 2),
[L[1~3]1[1/2] 2] has level 6(eq+1, €0),
[1[1~3]1[1[1~3] 2] 2] has level B(eq+1, B(eq+1)),
[1[1~3] 1 [1[1~3] 1[1[1~3] 2] 2] 2] has level B(eq+1, B(Eq+1, B(Eq+1)))-

[1[1~3]1/2] has level B(eq+1t+1),

[1[1~3]1[2~2] 2] has level B(gq+1tw),

[1[1~3]11[1/2~2]2] has level B(gq+1+Q),

[L[1~3]1[1/1/2~2]2] has level B(eq+1+Q"QY),
[L[1~3]1[1[1/2~2]2~2] 2] has level B(gq+1+QMQ"Q),
[1[1~3]1[1~3] 2] has level B(gq+12),

[1[1~3] 1[1~3] 1[1~3] 2] has level B(gq+13),

[1[2~3] 2] has level B(gq+1w),

[1[1[1[1~3] 2] 2 ~3] 2] has level B(gq+1B(Eq+1)),
[L[1[1[2[1[1~3]2]2~3]2]2~3] 2] has level B(eq+108(€n+18(€q+1))),



[1[1/2~3] 2] has level B(eq+1Q),

[L[1/1/2~3]2] has level 8(eq+1(Q"Q)),

[L[1[1/2~2]2~3] 2] has level B8(eq+1(Q"Q"Q)),
[L[1[1/1/2~2]2~3]2] has level B(eq+1(Q"QNQMQ)),
[L[1[1[1/2~2]2~2]2~3] 2] has level B(q+1(Q"Q*QNQNQ)).

The 8(gq+1"2) level separator
{a,b [1[1[1~3]2~3]2] 2} ={a<0[1[1~3]2 ~3]2> b}
={a «Sp b}.
Since p;=1,c1=2,# =# =7 (blank),
[A11] =[1[1~3] 2 ~3] (1-hyperseparator),
p2=1,c2=2,#,="~3,
[Az1] =[1~3] (1-hyperseparator),
ps=1,c3=3,#3= Y (blank),
[Az1]l =~ (= 1) (2-hyperseparator),
by Rule A5b (m =1),
S1='b<S» b,
L = 1, L= 0;
by Rule A5b (m =1),
S, ='b Sz b ~3,
t1=2,t,=0;
and by Rule A5a (m =2, s = 3),
S3="Rp3,
Rns =‘b (Rn13 b ~2,
Ry3="0".
It follows that,
{a,b [1[1[1~3]2~3]2] 2} ={a<b b Db «...b<b~2>b~2>...>b~2> b ~3> b> b}
(with b+1 pairs of angle brackets and b ~’s).

The ordinal levels of some higher separators are as follows:
[1[1[1~3] 2 ~3] 2] has level B(gq+1"2),
[1[1[1~3] 3 ~3] 2] has level B(eq+1"3),
[L[1[1~3]1[1[2~3]2]2 ~3] 2] has level B(eq+1"B(€q+1)),
[L[1[1~3]1[1[1[1~3]1[1[1~3]2]2~3]2]2~3]2] has level B(eq+1"0(eq+1"0(€q+1))),
[1[1[1~3]1/2 ~3] 2] has level B(gq+1"Q),
[L[1[1~3]1/3~3] 2] has level 6(eq+1(Q2)),
[L[1[1~3]1/1/2~3]2] has level B(eq+1"Q"2),
[1]1[1~3]1[2~2] 2 ~3] 2] has level B(gq+1"Q"w),
[L[1[1~3]1[1/2~2]2~3] 2] has level B(eq+1"Q"Q),
[L[1[1~3]1[1/1/2~2]2~3]2] has level B(eq+1*Q"Q"Q),
[L[1[1~3]1[1[12/2~2]2~2]2 ~3] 2] has level B(eq+1"Q*Q"Q"Q),
[1]1[1~3]1[1~3] 2 ~3] 2] has level B(eq+1"€q+1),
[1[1[1~3]1[1~3] 3 ~3]2] has level B(eq+1"\(eq+12)),
[1]1[1~3]1[1~3]1[1~3]2 ~3] 2] has level B(gq+1"€q+1"2),
[1]1[1~3]1[1~3]1[1~3]1[1~3]2 ~3] 2] has level B(eq+1"eq+1"3),
[1[1[2~3] 2 ~3] 2] has level B(gq+1"eq+1 W),
[L[2[1[2[1[1~3]1[1~3]2~3]2]2~3]2~3]2] has level B(eq+1"eq+1"0(Eq+1"€q+1)),
[L[1[1/2~3]2~3]2] has level 8(eq+1"eq+1"Q),
[L[1[1/1/2~3]2~3]2] has level B(eq+1"eq+1*Q"Q),
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[L[1[1[1/2~2]2~3]2~3]2] has level B(eq+1"eq+1"Q*QQ),
[L[1[1[1/1/2~2]2~3]2~3]2] has level B(eq+1"eq+1"QMQMNQQ),
[L[1[1[1[1/2~2]2~2]2~3]2~3]2] has level B(eq+1"€q+1"QMQ QN QMQ),
[1[1[1[1~3]2~3]2~3]2] has level B(eq+1"eq+1Eq+1),
[L[1[1[1~3]1[1~3]2~3]2~3] 2] has level B(eq+1"eq+1"€q+1"€q+1),
[L[1[1[1[1~3]2 ~3]2~3] 2~3] 2] has level 6(eq+1"€q+1"€q+1"Eq+1"€EQ+1).

[1[1~4] 2] has level B(gq+2),

[1[1~5] 2] has level B(gq+3) (by letting ‘~3’ and eq+¢ above be ‘~4’ and €q.+, respectively),
[1[1~1,2]2] has level B(gq+w),

[L[1~1[1[1~3]2] 2] 2] has level 8(e(Q+B(gq+1))),

[L[1~1[1[1~1[1[1~3]2]2]2]2]2] haslevel B(s(Q+8(e(Q+6(eq+1))))),

[L[1~1/2]2] has level B(eqy),

[1[1~2/2]2] has level B(eqo+1)

(by letting ‘~3’ and €q+¢ above be ‘~ 1/ 2’ and gq, respectively),
[L[1~1[1[1~1/2)2]2/2]2] has level B8(e(Q2+8(q2))),
[L[1~1[1[1~1[1[1~1/2]12]2/2]2]2/2]2] has level 6(¢(Q2+8(e(Q2+68(n2))))),
[1[1~1/3]2] has level 8(eqs),

[L[1~1/4]2] has level B(gqa),

[L[1~1/1[1]1~3]2]2]2] has level 8(e(Q0(eq+1))),
[L[1~1/2[1[1~2/1[1[1~-3]2]2]2]2]2] has level 6(s(Q6((Q0(eq+1))))),
[L[1~1/1/2]2] has level B(eqn),

[L[1~1/1/172]2] haslevel B(gqn3),

[1[1~1[2~2] 2] 2] has level B(eqnry),

[L[1~1[1[1[1~3]2]2~2]2]2] has level B8(e(Q"B(eq+1))),
[L[1~21[1[1[1~21[1[1[1~-3]2]2~2]2]2]2~2]2]2] has level B(e(Q"0(e(Q"0(eq+1))))).

[L[1~1[1/2~2]2]2] has level B(eqnr),

[L[1~2[1/2~2]2] 2] has level B(eqrq+1),

[L[1~1/2[1/2~2]2]2] has level B(eqrq+q),

[1[1~1[1/2~2]3]2] has level 8(gqrq)2),

[1[1~1[1/2~2]1/2]2] haslevel B(eqnq+1)),
[A[1~1[1/2~2]1[1/2~2]2] 2] has level 8(eqnn2)),
[1[1~1[2/2~2]2]2] has level 8(sqnquw)),
[L[1~1[1[1[21~21[1/2~2]12]2]2/2~2]2]2] has level 8(e(QMQB(garq)))),
[1[1~1[1/3~2]2]2] has level 6(eqrqn),
[L[1~1[1/1[1[21~1[1/2~2]2]2]2~2]2]2] has level 8(e(Q"Q"B(eqq))),
[1[1~21[1/1/2~2]2]2] has level B(eqrarq),

[L[1~1[2/1/172~2]2]2] has level B(gqrararz),

[L[1~1[1[2~2]2 ~2]2] 2] has level B(eqrarar),
[L[1~1[2[1[2[1~1[12/1/2~2]2]2]2~2]2~2]2]2] has level B(e(Q*"Q"Q"0(eqrarq))),
[L[1~1[1[1/2~2]2~2]2]2] has level B(eqrararq),
[L[1~1[1[1/1/2~2]2~2]2]2] has level B(eqrarararq),
[L[1~1[2[1[1/2~2]2~2]2~2] 2] 2] has level B(qrararararq)-

[1[1~1[1~-3]2]2] has level B(g(eq+1)),
[L[1~2][1~3] 2] 2] has level B(e(eq+1+1)),
[1[1~1/2[1~3] 2] 2] has level B(e(eq+1+Q)),
[1[1~1[1~3]3]2] has level B(g(eq+12)),
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[1[1~1[1~3]1/2]2] has level B(e(eq+19Q)),

[1[1~1[1~3]1[1~3] 2] 2] has level B(g(eq+1"2)),

[1[1~1[2~3]2] 2] has level B(e(eq+1 w)),

[1[1~1[1/2~3]2]2] has level B(g(eq+1"Q)),
[L[1~1[1/1/2~3]2]2] has level 8(g(eq+1"Q"Q)),
[1[1~1[1[1/2~2]2~3]2]2] has level 8(g(eq+1"Q"Q"Q)),
[1[1~1[1[1/1/2~2]2~3]2] 2] has level B(¢(eq+1"Q QA QN Q)),
[L[1~1[1[1[1/2~2]2~2]2~3]2]2] has level 8(g(eq+1"Q Q" QO"Q)),
[1[1~1[1[1~3]2~3]2]2] has level B(g(eq+1"Eq+1)),
[1[1~1[1[1~3]1[1~3]2~3]2] 2] has level B(e(eq+1 eq+1"Eq+1)),
[1[1~1[1[1[1~3]2~3]2~3]2]2] has level 0(e(cq+1"eq+1"Eq+1"Eq+1)),
[1[1~1[1~4] 2] 2] has level B(e(eq+2)),

[1[1~1[1~1/2]2]2] has level B(e(eqn)),

[L1[1~1[1~1/3]2]2] has level 8(¢(eqs)),

[1[1~1[1~1/1/2]2]2] has level 8(g(eqn)),
[1[1~1[1~1/1/1/2]2]2] has level 8(g(eqss)),
[1[1~1[1~1[2~2]2]2]2] has level 0(s(eqn)),
[1[1~1[1~1[1/2~2]2]2]2] has level B(g(eqnr)),
[1[1~1[1~1[1/1/2~2]2]2]2] has level 8(s(sqrqrq)),
[I[1~1[1~1[1[1/2~2]2~2]2]2]2] has level B(e(Eararara)),
[1[1~1[1~1[1[1/1/2~2]2~2]2]2]2] has level B(e(eqrararanra)),
[I[1~1[1~1[1[1[1/2~2]2~2]2~2]2]2]2] has level B(e(qrqrararanq))-

[1[1~1[1~1[1~3]2]2]2] has level B(e(e(en+1))).

[1[1~1[1~1[1~4]2]2]2] has level 6(e(e(en+2))),

[I[1~1[1~1[1~1/2]2]2]2] has level B(¢(e(€q2))).
[I[1~1[1~1[1~1/1/2]2]2]2] has level B(g(e(ear))),
[A[1~1[1~1[1~1[1/2~2]2]2]2]2] has level B(e(e(eara))),
[L[1~1[1~1[1~1[1/1/2~2]2]2]2]2] has level B(e(e(€arara))),
[L[1~1[1~1[1~1[1[1/2~2]2~2]2]2]2]2] has level B(e(e(ararara))),
[1[1~1[1~1[1~1[1~3]2]2]2]2] has level 8(c(e(e(eq+1)))),
[I[1~1[1~1[1~1[1~1[1~3]2]2]2]2]2] haslevel 6(e(e(e(e(€q+1))))).
[I[1~1[1~1[1~1[1~1[1~1[1~3]2]2]2]2]2]2] haslevel B(e(e(e(e(e(easr)))))).

[1[1~1~2]2] haslevel B(lq+1) = B(@(2, Q+1)),

[L[1~1~2]1[1~1~2]2] has level 8((q+12),

[1[2~1~2]2] has level 6(Cq+1w),

[L[1/2~1~2]2] has level 8((q+19Q),

[1[1[1~3]2 ~1~2] 2] has level 8(Zq+1€a+1),

[1[1[1~1~2]2 ~1 ~ 2] 2] has level 8((q+1"2),

[L[1[1~1~2]1/2~1~2] 2] has level 8((q+1"Q),

[1[1[1~1~2]1[1~3]2 ~ 1 ~ 2] 2] has level 8(q+1"cq+1),
[1[1[1~1~2]1[1~1~2] 2 ~ 1 ~ 2] 2] has level 8(Cq+1"Cq+1),

[1[1[1[1~1~2] 2 ~1~2] 2 ~1~2] 2] has level B(a+1"Cq+1"Cq+1),
[1[1[1[1~1~2] 1 [1~1~2] 2 ~1~2] 2 ~1~2] 2] has level B(ln+1"Ca+1"as1"a+1),
(1[1[1[1[1~1~2]2~1~2] 2 ~1~2] 2 ~1~2] 2] has level 6(Ca+1"Ca+1"Ca+1"Ca+1"Ca+1).

[1[1~2~2]2] has level 8(g(q+1+1)),
[1[1~3~2]2] haslevel 8(g(la+1+2)),
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[1[1~1/2~2]2] has level 8(g({q+1+Q)),

[1[1~1[1~1~2] 2 ~ 2] 2] has level 6(g(ln+12)),

[1[1~1[1~1~2]1/2~2] 2] has level B(g(ln+1Q)),

[1[1~1[1~1~2] 1[1~1~2] 2 ~ 2] 2] has level B(g(la+1"2)),
[1[1~1[1/2~1~2]2~2]2] has level 8(¢(Za+1"Q)),

[1[1~1[1[1~1~2]2~1~2] 2 ~ 2] 2] has level 6(g({q+1"qa+1)).
[1[1~1[1[1~1~2]1[1~1~2] 2 ~1~2] 2 ~ 2] 2] has level 6((la+1"Ca+1"q+1)).
[1[1~1[1[1[1~1~2]2~1~2]2~1~2] 2 ~2] 2] has level 6(g(la+1"Za+1"la+1"a+1)),
[1[1~1[1~2~2] 2 ~ 2] 2] has level B(e(e(lq+1+1))),
[1[1~1[1~1[1~2~2]2~2]2~2]2] has level 8(g(e(e({a+1+1)))).
M[1~1[1~1[1~1[1~2~2]2~2]2~2]2~2]2] has level 8(c(e(e(e(la+1+1))))).

[1[1~1~3]2] has level 8(lq+2),

[L[1~1~4]2] haslevel B(Cqa+3),

[L1[1~1~1/2]2] haslevel 8(ln),

[L[1~1~1/1/2]2] has level 8(Cqm),

[1[1~1~1[2~2] 2] 2] has level 8(Carw),

[1[1~1~1[1/2~2]2]2] has level 6(Car),
[I[1~1~1[1/1/2~2]2]2] has level 8(Carara),
[[1~1~1[1[1/2~2]2~2]2]2] has level B8(Cararara),
[L[1~1~1[1~3]2] 2] has level 8(C(eq+1)),

[1[1~1~1[1~1/2]2]2] haslevel 8(¢(cq2)),
[1[1~1~1[1~1/1/2]2]2] has level 8(l(eqr2)),
[1[1~1~1[1~1[1/2~2]2]2]2] has level B({(earq)).
[I[1~1~1[1~1[1/1/2~2]2]2]2] has level 8({(eararq)),
[l[1~1~1[1~1[1[1/2~2]2~2]2]2] 2] has level B(¢(eararara)),
[L[1~1~1[1~1[1~3]2]2]2] has level 8(¢(e(eq+1))).
I[1~1~1[1~1[1~1[1~-3]2]2]2]2] has level B(((e(e(€n+1)))),
[1[1~1~21[1~1[1~1[1~1[1~3]2]2]2]2]2] has level 6(¢(e(e(e(€a+1))))),
[1[1~1~1[1~1~2]2] 2] has level 8(¢(Cq+1)),
[1[1~1~1[1~1~1[1~1~2]2] 2] 2] has level 8(¢(¢(Zq+1))),
[1[1~1~1[1~1~1[1~1~1[1~1~2]2]2] 2] 2] has level 8(({((Ca+1))))-

[1[1~1~1~2]2] haslevel 8(p(3, Q+1)),

[1[2~1~1~2]2] has level 8(p(3, Q+1)w),

[M[1/2~1~1~2]2] has level 8(¢(3, Q+1)Q),
[1[1[1~1~1~2]12~1~1~2] 2] has level 8(¢p(3, Q+1)"2),

[1[1[1~1~1~2] 1 [1~1~1~2] 2 ~1~1~2] 2] has level B(p(3, Q+1) (3, Q+1)),
[1[1[1[1~1~1~2] 2 ~1~1~2] 2 ~1~1~2] 2] has level B(p(3, Q+1) (3, Q+1)¢(3, Q+1)),
[1[1~2~1~2]2] has level B(gg@s, ar1)+1),

[1[1~1[1-2~1~2]2~1~2]2] has level B(e(gy3, a+1)+1)),
[1[1~1~2~2]2] has level 8(Cys, o+1)+1),

[1[1~1~1[1~1~2~2] 2~ 2] 2] has level e(C(CQ)(s_ Q+1)+1)),
[1[1~1~1~3]2] haslevel 8(¢(3, Q+2)),

[L[1~1~1~1/2]2] haslevel 8(p(3, Q2)),

[L[1~1~1~1/1/2]2] has level 8(p(3, Q*2)),
[L[1~1~1~1[1/2~2]2]2] has level B(p(3, Q"Q)),
[1[1~1~1~1[1~3]2]2] has level 6(¢(3, €a+1)),
[1[1~1~1~1[1~1~2]2] 2] has level 8(p(3, lq+1)),
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[1[1~1~1~1[1~1~1~2] 2] 2] has level B(¢p(3, @(3, Q+1))),
[1[1~1~1~1[1~1~1~1[1~1~1~2] 2] 2] 2] has level B(p(3, @(3, (3, Q+1)))),
[M[1~1~1~1~2]2] haslevel 8(p(4, Q+1)),

[M[1~1~1~1~1~2]2] haslevel 6(¢p(5, Q+1)),

MM~1~1~..~1~2]2] (with n~symbols, n =2) has level 8(¢(n, Q+1)).

Separators containing the /3 symbol ([1 /3 2] ‘drops down’ to /, or ~) begin as follows:
[1[1[2/32] 2] 2] has level B(p(w, Q+1)),
[1[2]2/32] 2] 2] has level B(p(w, Q+1)w),
[L[1/2]2/532]2]2] has level B8(p(w, Q+1)Q),
[1[1[1[2/32]2] 2 [2/32] 2] 2] has level B(p(w, Q+1)"2),
[L[1 [1[2/32]12] 1 [1[2/32]2] 2 [2/32] 2]2] has level B(p(w, Q+1) p(w, Q+1)),
[L[1 [1[2[2/32]2]12[2/32]2]2 [2/32] 2] 2] has level B(p(w, Q+1)M3),
[1[1~2][2/532]2] 2] has level B(ggpw, a+1)+1)
[A[1~1[1~2[2/32]2] 2 [2/32] 2] 2] has level B(e(Epw, a+1)+1)),
[1[1~1~2[2/32]2]2] has level 8(pw, a+1)+1)
[L[1~1~1~2[2/32]2]2] has level B(p(3, p(w, Q+1)+1)),
[l[1~1~..~1~2[2/32]2]2] (withn~symbols) has level B(¢p(n, (w, Q+1)+1)),
[L[1[2/52]3]2] has level 8(p(w, Q+2)) (limit ordinal of @(n, @(w, Q+1)+1) as n — w),
[L[1[2/32] 4]2] has level B(p(w, Q+3)),
[L[1[2/32]1/2]2] has level B(p(w, Q2)),
[L[1[2/32]1/1/2]2] has level B(@(w, Q*2)),
[L[1[2/32]1[1/2~2]2]2] has level B(p(w, Q"Q)),
[L[1[2/32] 1[1~3] 2] 2] has level B(p(w, £q+1)),
[L[1[2/32] 1[1~1~2] 2] 2] has level B(p(w, {a+1)),
[L[1[2/32]1[1~1~...~1~2] 2] 2] (with n ~symbols, n =2) has level B(p(w, @(n, Q+1))),
[L[1[2/32]1[1]2/32] 2] 2] 2] has level B(¢p(w, ¢(w, Q+1))),
[L[1[2/32]1[1]2/32]1[1[2/32]2]2]2]2] has level B(p(w, ¢(w, p(w, Q+1)))).

[L[1[2/32]1~2] 2] has level B(p(w+1, Q+1)),

[1[1[2/32]1~1~2]2] has level 8(p(w+2, Q+1)),

[L[1[2/32]1[2/532]2] 2] has level B(p(w2, Q+1)),

[L[1[2/32]1[2/32]1[2/532]2]2] has level B(p(w3, Q+1)),

[L[1[3/32] 2] 2] has level B(p(w"2, Q+1)),

[1[1[1,2/532]2]2] has level B(p(ww, Q+1)),

[L[1[1[1/2]2/532]2]2] has level B(¢p(go, Q+1)),

[L[1[1[2[1/2~2]2]2/532]2]2] has level B(p(lo, Q+1)),

[L[1[1[1[1~3]2]2/32]2]2] has level B(@(B(eq+1), Q+1)),

[L[1[1[2[1[1[2[1~3]2]2/32]2]2]2/32]2]2] has level B(p(B(p(B(eq+1), Q+1)), Q+1)),

[L[1[1[2[1[2A[1[1[1[1[2~3]12]12/32]2]2]2/32]2]2]2/32]2]2] has level

B(@(B(@(6(9(B(eq+1), Q+1)), Q+1)), Q+1)).

The sequence of separators starting with the last three has limit ordinal 8(¢p(Q, 1)). This is due to the
fact that @(Q, 1) is the limit of @(a, Q+1) = @(a, ¢(Q, 0)+1) as a — Q.

A second (more powerful) ordinal collapsing function (8;) can be used within the 6 function in order to
represent the ordinals above the Bachmann-Howard ordinal. It works as follows:

0.(0, a) = Q"aq,

01(1, @) = €q+1+q,

01(2, a) = {o+1+as
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01(a) = 61(a, 0),

81(a, B) = @(a, Q+1+p) (1=a<Q)

= ¢(a, 1+B) (a=Q)

= ¢(a, B) Q<a<Qy),
B1(a+1) = B1(a, 61(a, B1(a, ... 61(0)...))) (with w 6,'s),
01(Q) = ¢(Q, 1) = 02(8(81(6(64(...68(81(0))...)))))  (with w 61's),
81(Q2) = Fa+1 = 61(01(01(...81(0)...))) (with w 6,’s),
8(81(a, B)) = 6(a, B) (azQy),

where Q, denotes the second uncountable ordinal. (Q = Q, is the first uncountable ordinal.) We can
define higher collapsing functions (8,) and create higher uncountable ordinals (Qn+1) by analogy with

0, and Q, above, for example,
6n(0, a) = Q,"a,
Bn(a) = 6,(a, 0),

Bn(a, B) = @(a, Q,+1+p3) (1<a<Qy)

= @(a, 1+B) (o =Qp)

= ¢(a, B) (Qn < a < Qnsa),
Bn(a+1) = B,(a, Bn(a, Bn(q, ... B1(a)...))) (with w 6y’s),

Bn(Q) = 6n(8(Bn(8(Bn(.-.8(6n(0))...)))))
Bn(Qx+1) = Bn(Bk(Bn(Bk(Bn(---Bk(6n(0))...)))))

with w 6,’s),
with w 6,’s, k < n),

Bn(Qn+1) = Bn(Bn(Bn(..8n(0)...)))
8(8n(as, B)) = 8(a,, B)
Bk(Bn(a, B)) = Bk(a, B)

a2z Qn+1),

(
(
(with w 6y’s),
(
(G 2 Qn+1, k < n).

We can extend this to 8, functions and Q4 uncountable ordinals for transfinite a. 8(Q,) is a special
ordinal since it is the proof theoretic ordinal of the subsystem I'Ill—CAo of second-order arithmetic.
There are whole new universes of ordinals completely beyond the first fixed point of a = Q4 within 6.

An alternative (single-argument) ordinal collapsing function (@) works as follows:

Y(a) = &

W(o+1) = p(a)™w

W((Q"a)B) = ¢(1+a, B-1)
= @(1+a, B)
= 8(1+a, B-1)
= 8(1+a, B)

(a<Q),

(power tower of w(a)’s of height w),
(1<a<Q,1=B<w)
(1<a<Q,w=sp<Q)
(a=21,1<B<w)

(a1, w=sp<Q).

Like the 8, functions (within 8), we can define y, functions (within y, for n = 1) in order to proceed
beyond the Bachmann-Howard ordinal. It works as follows:

Wn(a) = e(Qn+1+a)

Wn(a+1) = pn(o)"w

Wn((Qn+1"0)B) = @(1+a, Qn+B)
=¢(a, B-1)
=¢(a, B)
= 0n(1+a, B-1)
= On(1+a, B)

WY(Wn(@)) = y(a)

Wr(Wn(a)) = Wi(a)

(G < Qn+1),

(power tower of wy(a)’s of height w),
(1£a<Q,, 126 <Qn41)

(Qn<a<Qnp, 15B<w)

(Qn<a<On, WsSB<OQnrora=Q0, 1<B<Qp)
(a=21,1<B<w)

(@21, wsB < Qn),

(G 2 Qn+1),

(a=Qpi, k<n).

This can be extended further by defining higher y, functions for transfinite a. | prefer to use the 6
system of collapsing functions since these begin with the finite numbers (rather than €o) and it is more
closely related to the Veblen function. Also, a power tower of Q’s within the 8 function contains one
fewer Q than the equivalent power tower of Q’s within the p function.
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The ordinal 8(¢(Q, 1)) = 8(81(Q)) = W1(Qx"Q), using the 6; and y; functions as defined above.

Using the 6, function, the most important separators at or beyond the level of the Bachmann-Howard
ordinal are as follows:
[1[1~3] 2] has level 8(8.(1)),
[1[1~3] 1/ 2] has level 68(B,(1)+1),
[1[2~3] 2] has level 8(81(1)w),
[L[1/2~3] 2] has level 8(8:(1)Q),
[1[1[1~3] 2 ~3] 2] has level 6(8,(1)"2),
[1[1[1~3]1/2~3] 2] has level 6(81(1)"Q),
[L[1[1~3]1[1~3] 2 ~3] 2] has level 6(6:(1)"6.(1)),
[L[1[1[1~3]2 ~3]2~3] 2] haslevel 8(8:(1)"6.(1)"0.(1)),
[1[1~4] 2] has level 6(01(1, 1)),
[L[1~1/2]2] haslevel 8(8:(1, Q)),
[L[1~1/1/72]2] haslevel 8(8.(1, Q*2)),
[L[1~1[1/2~2]2]2] haslevel B8(8:(1, Q*Q)),
[1[1~1[1~3]12]2] has level 8(8:(1, 61(1))),
[L[1~1[1~1[1~3]2]2]2] has level 8(8.(1, 61(1, 81(1)))),
[1[1~1~2]2] has level 6(81(2)),
[1[1~2~2]2] haslevel 8(8:(1, 61(2)+1)),
[L[1~1~3]2] haslevel 8(81(2, 1)),
[1[1~1~1/2]2] has level 8(8,(2, Q)),
[MT[1~1~1/1/2]2] has level 8(6.(2, Q*2)),
[L[1~1~1[1/2~2]2]2] haslevel 8(6,(2, Q"Q)),
[1[1~1~1[1~3]2] 2] has level 6(81(2, 6:1(1))),
[1[1~1~1[1~1~2]2] 2] has level 8(8:1(2, 6:(2))),
[L[1~1~1~2]2] haslevel 8(6.(3)),
[L[1[2/532] 2] 2] has level 8(81(w)),
[L[1[1[1/2]2/52]2]2] has level 8(81(gp)),
[L[1[1[1[1~3]2]2/32]2] 2] haslevel 8(6:(6(0:(1)))),
[L[1[1[2[1[1[21[1~3]2]2/32]2]2]2/32]2]2] has level B(8:(0(01(6(61(1)))))).

Higher separators are obtained as follows:
[1[1[1/2/32]2]2] has level B(8.(Q)) =06(p(Q, 1)),
[L[1[1/2/32]3]2] has level 8(61(Q, 1)) = 6(p(Q, 2)),
[L[1[1/2/32]1[1[1/2/32]2]2]2] haslevel 6(8:(Q, 81(Q))),
[1[1[12/2/32]1~2]2] has level B(8,(Q+1)),
[L[1[1/2/32]1[1/21/32]2]2] has level 6(81(Q2)),
[L[1[2/21/32]2]2] has level 8(61(Qw)),
[L[1[2[1[1[1/2/32]2]2]2]2/32]2]2] has level 8(8:(Q6(61(Q)))),
[L[1[1/3/32]2]2] has level 8(6,(Q"2)),
[L[1[1/172/32]2]2] has level 8(8:(Q"Q)),
[L[1[2/1/172/32]2]2] has level 8(6:(Q"Q"2)),
[L[1[1[2~2] 2/532] 2] 2] has level B(8:(Q"Q w)),
[L[1[1[2[1[1[1/1/2/32]2]2]2~2]2/32]2]2] has level 8(8,(Q"Q"6(8,(Q"Q)))),
[L[1[1[1/2~2]2/32]2]2] has level 8(68:(Q*"Q"Q)),
[L[1[1[1/1/2~2]2/32]2]2] has level B8(6:(Q*Q Q1 Q)),
[L[1[1[1[1/2~2]2~2]2/32]2]2] has level 8(0,(Q*Q *Q QQ)),
[L[1[1[2~3]2/32]2]2] has level 8(81(01(1))) = 8(B1(eq+1)),

16



[1[1[1[1~4]12/32]2] 2] has level B8(81(81(1, 1))) = B(B1(eq+2)),
[1[1[1[1~1~2]2/32] 2] 2] has level 8(8:(61(2))) = 6(81(Ca+1)),
[LT[1[1[1[2/52]2]2/52]2]2] has level B(81(B1(w))),
[T[A[1[1[1[1/2]2/32]2]2/32]2]2] has level B(81(81(c0))),
[L[A[1[1[1[1[1~3]2]2/32]2]2/32]2]2] has level 6(81(6:(8(81(1))))) = 8(81(61(B(eq+1)))).
[T[1[1[1[1[1[1[1[2[1~3]2]2/32]2]2]2/532]2]2/532]2]2] has level
0(61(81(8(62(8(82(1)))).
[L[1[1[1[1/2/532]2]2/52]2]2] has level B(B1(61(Q))),
[T[1[1[1[1[1~3]2/532])2]2/32]2]2] has level 8(81(61(61(1)))).
[T[A[1[1[1[1[1[1~3]2/32]2]2/32]2]2/532]2]2] has level B(8:1(6:(61(61(1))))),
[T[L[1[1[1[1[1[1[2[1~8]2/32]2]2/32]2]2/32]2]2/532]2]2] has level
8(61(81(81(61(61(1))))))-
The sequence of separators starting with the last three has limit ordinal 8(Q) = 8(61(Q2)) = 6(I'q+1),
where Q, denotes the second uncountable ordinal.

The 68(81(¢q+1)) level separator
{a,b [1[1[1[1~3]2/32]2]2] 2}={a<«0[1[1[1~3]12/32]2]2> b}
={a Sp b}.
Since p;=1,c1=2,# =# =" (blank),
[A11]=[1[1[1~3]2/32] 2] (1-hyperseparator),
p. =1, co =2, #, = (blank),
[A21] =[1[1~-3]2/52] (2-hyperseparator),
ps=1,c3=2,#3="32,
[Az1] = [1~3] (1-hyperseparator),
ps =1, cq =3, #4=" (blank),
[Ag1]l =~ (= 1) (2-hyperseparator),
by Rule A5b (m = 1),
S =bS» b,
t1=1,t2=0,t320;
by Rule A5b (m = 2),
S, ='b S b,
t1=2,t2=1,t320;
by Rule A5b (m = 1),
S;3=bSpbl32,
t1=3,t2=0,t320;
and by Rule A5a (m =2, s =4),
S4="Ro4,
Rn4="bRp10 b~2,
R1’4 =0
It follows that,
{a,b [1[1[1[1~3]2/32]2]2] 2}
={abddbdb.. bb~2>b~2)..5b~2>b~2>b /32> b> by b}
(with b+2 pairs of angle brackets and b-1 ~’s).

The 6(Q,) level separator
{a,b [1[1[1~2/32]12]2] 2}={a<«0[1[1~2/32]2]2> b}
={a «Sp b}.
Since p;=1,c; =2, # =#" =" (blank),
[Ara]l=[1[1~2/32]2] (1-hyperseparator),
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p2=1,c,=2,#, =" (blank),

[A21] =[1~2/32] (2-hyperseparator),

ps=1,c3=2,#3="132,

[As1] =~ (=12) (2-hyperseparator),
by Rule A5b (m = 1),

S, =Sy b,

t1=1,t,=0,t3=0;
by Rule A5b (m = 2),
S, ='b<Sp b,
t1=2,t,=1,13=0;
and by Rule A5a (m =2, s = 2),
S3='Rp 3,
Rnz=‘bRnp122 b/32,
Rn,2 =b (Rn’g) b’ (SO, S, = vaz)
='b<b Ry b/z32> b,
R]_’z =0.
It follows that,
{a,b [1[1[1~2/32]2] 2] 2}
={adh<bdbbbc..<bbbb/z2b/z2>b ...ob/32>b>b /32> bbb}
(with 2b-1 pairs of angle brackets and b-1 /3’s).

8(01(a, B)) = 6(q, B) for all a = Q,, B < Q, — the O function has been redefined to absorb the 6, function
for values of a = Q,. With this redefinition, the second argument of 8 now has a limit value of Q,

instead of Q, for values of a = Q,. Continuing with the separators,
[L[1[1~2/532]2]2] has level 6(Q,),
[L[1[1~2/32]2]3] has level 8(81(Qy), 1),
[L[1[1~2/32]2]1[1[1[1~2/32]2]2]2] has level 8(61(Qy), 6(Q52)),
[L[1[1~2/32]12]1/2] has level 8(8.(Q2)+1),
[L[1[1~2/32]12]1[1~3] 2] has level B(01(Q2)+eq+1) = B(01(Q2)+61(1)),
[L[1[1~2/32]12]1[1[1~2/32]2]2] has level 8(8:(Q)2),
[L[2[1~2/32]2] 2] has level 8(81(Q2)w),
[L[1/2]1~2/32]2]2] has level 8(8:(Q,)Q),
[L[1[1~3]2[1~2/32]2]2] has level B(01(Q2)eq+1) = 6(01(Q2)01(1)),
[L[1[1[21~2/32]2]2[1~2/32]2]2] has level 8(0:1(Q2)"2),
[L[1~2[1~2/32]2]2] has level B8(g(61(Q2)+1)),
[L[1[2/32]2][1~2/32]2]2] has level 8(B;1(w, 61(Q,)+1)),
[L[1[1/2/32]2[1~2/32]2]2] has level 6(8:(Q, 061(Q2)+1)),
[L[1[1~2/32]3]2] haslevel 6(Q,, 1) =6(81(Q2, 1))

(61(Qz, 1) is the limit of 81(a, 81(Q2)+1) as a — Qy),
[L[1[1~2/32]1[1[1[1~2/532]2]2]2]2] has level 8(Q,, 6(Qy)),
[L[1[1~2/32]11/2]2] has level 8(Q2, Q),
[L[1[1~2/32]1[1[1~2/32]2]2]2] has level 8(Q2, 61(Q2)),
[L[1[1~2/32]1~2]2] has level 8(Q,+1),
[L[1[1~2/32]1[1~2/32]2]2] has level 6(Q52),
[L[1[2~2/32]2] 2] has level B8(Q,w),
[L[1[1[2[1[1~2/32]2]2]2~2/32]2]2] has level 8(Q,6(Q3)),
[L[1[1/2~2/32]2]2] has level 8(Q,Q),
[L[1[1/1/2~2/32]2]2] has level B(Qx(Q"Q)),
[L[1[1[2/2~2]2~2/32]2]2] has level B(Q(Q"Q"Q)),
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[1[1[1[1~3]12~2/32]2]2] has level 8(Qeq+1) = 0(Q204(1)),
[L[1[1[1[1/2/32]2]2~21/32]2]2] has level 8(Q:0:(Q)),
[L[1[1[1[1~2/32]2]2~2/32]2]2] has level 8(Q20:(Q5)),
[L[1[1~3/32]2]2] haslevel 8(Q,"2),
[1[1[1~1/2/32]2]2] has level B(Q,"Q),
[1[1[1~1~2/32]2]2] haslevel 6(Q,"Q5),
[L[1[1~1~1~2/32]2]2] has level 8(Q,"Q,"2),
[1[1[1[2/32]2/32]2] 2] has level 8(Q Q" w),
[L[1[1[1/2/32]2/32]2] 2] has level 8(Q2"Q,"Q),
[L[1[1[1~2/32]2/32]2]2] haslevel 8(Qx"Q,"Q»),
[L[1[1[1~1~2/32]2/32]2]2] has level 8(Qx"Q,"Q,"Q5),
[L[1[1[1[1~2/32]2/32]2/532]2]2] has level 8(Q"Q,"Q,"Q,"Q5).

[1[L1[L/53]2]2] has level 8(g(Qo+1)) = 8(2(1)),
[1[L1[L/53]3]2] has level 8(g(Qp+1), 1),

[L[1[1/33]1/2]2] has level B(e(Qx+1), Q),

[1[1[1/53] 1 [1[1/53]2]2]2] has level B(e(Qx+1), B1((Qa+1))),
[L[1[L1/53]1~2]2] has level 8(g(Q+1)+1),
[L[1[1/33]1[1/s3]2]2] has level B(e(Qx+1)2),

[1[1[2/53]2] 2] has level B(g(Qx+1)w),

[L[L[L1/2/53]2]2] has level 8(g(Qx+1)Q),
[L[1[1[1[1/53]2]21/53]2]2] has level 8(e(Qy+1)8:(e(Qy+1))),
[L[1[1~2/53]2]2] has level 8(g(Qx+1)Qy),
[L[1[L1[L/s3]2/53]2]2] has level B(e(Q+1)2),
[L[1[1[1/s3]1[1/53]2/53]2]2] has level B(g(Qo+1)"e(Qy+1)),
[L[L[L[L[L1/53]2 /53] 2/33]2]2] has level 8(g(Qu+1)e(Qo+1)"e(Qo+1)),
[1[1[1/34]2]2] has level B((Qx+2)) = 6(65(1, 1)),
[L[1[1/31/2]2]2] has level B(e(Qx+Q)) = 8(82(1, Q)),
[L[L[L1/s1~2]2]2] has level 8(£(Q22)) = 8(8(1, Qy)),
[L[1[1/s1~1~2]2]2] has level B(e(Q"2)),
[L[1[1/31[1/2/32]2]2]2] has level B(g(Q."Q)),
[L[1[1/s1[1~21/52]2]2]2] has level 8(s(Q:"Qy)),
[L[1[1/s1[1~1~2/32]2]2]2] has level B(e(Q,"Q,"Q,)),
[L[1[1/31[1[1~2/32]21/52]2]2]2] has level B(e(Q"Q:"Q2,7Q,)),
[1[1[1/s1[1/53]2]2]2] has level B(e(e(Q+1))),
[L[1[1/s1[1/s1[1/33]2]2]2]2] has level 8(e(e(e(Qa+1)))).

[L[1[1/31/32]2]2] has level 8(Z(Qx+1)) = 6(65(2)),
[L[1[1/2/31/52]2]2] has level 8(Z(Qy+1)Q),
[L[1[1~2/51/52]2]2] has level 8((Q:+1)Qy),
[L[1[1[1/s1/32]2/31/52]2]2] has level B(Z(Qy+1)"2),
[L[1[1/32/52]2]2] has level B(({(Q+1)+1)),
[L[1[1/31/2/32]2]2] has level B(e((Q+1)+Q)),
[L[1[1/31~2/52]2]2] has level 8(g(q(Q2+1)+Q5)),
[L[1[1/31[1/31/32]2/52]2]2] has level B(e(Z(Qa+1)2)),
[L[1[1/31[1/32/32]2/52]2]2] has level B(e(£({(Qr+1)+1))),
[L[1[1/31/33]2]2] has level 8(Z(Qx+2)) = 6(65(2, 1)),
[L[1[1/31/31/2]2]2] has level B(Z(Qx+Q)) = 8(82(2, Q)),
[L[1[1/31/31~2]2]2] has level 8({(Q:2)) = 6(6x(2, Qy)),
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[L[1[1/32/31~1~2]2]2] has level 6({(Q"2)),
[L[1[1/31/31[1~2/32]2]2]2] haslevel 8(¢(Q2"Q5)),
[L[1[1/31/31[1/33]2]2]2] haslevel 6(((e(Q,+1))),
[L[1[1/31/31[1/31/32]2]2]2] has level 6(¢(¢(Qx+1))),
[1[1[1/31/31/32]2]2] has level 6(85(3)) = 8(p(3, Q,+1)),
[L[1[1/31/311/31/32]2]2] has level 6(6;(4)).

Separators containing the /4 symbol ([1 /4 2] ‘drops down’ to /3) begin as follows:

[L[1[1]2/42]2]2]2] has level 8(6,(w)),
[L[1[1[2/42]1/532]2]2] has level B(82(w+1)),
[L[1[1[2/42]1[2/42]2]2] 2] has level B8(0,(w2)),
[L[1[11]3/42]2]2]2] has level 8(6,(w"2)),
[1[1[1[1,2/42]2]2]2] haslevel B(8:(w w)),
[L[1[2[1[1/2]2/42]2]2]2] has level 8(8,(¢p)),
[L[1[1[1[1[2[1/33]2]2]2/42]2]2]2] has level 8(62(6(62(1)))),
[L[2[1[2[1[2[1[1[2[1[2/33]12]2]12/42]12]12]2]2/42]2]2]2] has level
8(62(8(62(6(82(1)))))),
[L[1[1[1/2/42]2]2] 2] has level B(82(Q)),
[L[1[1]21[1~3]2/42]2]2]2] has level 8(62(6:(1))),
[L[1[1[1[1[2/2/32]2]21/42]2]2]2] has level 8(62(8:(Q))),
[L[1[1[1[1[1~2/32]2]21/42]2]2]2] has level 8(82(01(Q2))),
[L[1[1[2[1[2/33]12]2/42]2]2]2] has level B(02(61(82(1)))),
[T[L[1[1[1[1[1[1[1/33]2]2/42]2]2]21/42]2]2]2] has level B(62(61(82(61(82(1)))))),
[L[1[1[1~2/42]2]2]2] haslevel 6(62(Q2)),
[L[1[1[2[1/33]12/42]2]2]2] has level 8(82(82(1))),
[L[1[1[1[1[1/2/42]2]21/42]2]2]2] has level 8(02(62(Q))),
[L[1[1[1[1[1~2/42]2]2142]2]2]2] has level 8(82(0:(Q5))),
[L[1[1[2[1[1[1/33]2/42]2]2/42]2]2]2] has level 6(8,(62(62(1)))),
[L[1[1[1[1[2[1[1[2/33]2/42]2]12142]2]2142]2]2]2] has level 6(82(02(82(02(1))))).

The sequence of separators starting with the last two has limit ordinal 8(Q3z) = 8(62(Q3)) = 6(I'(Q2+1)),
where Q3 denotes the third uncountable ordinal.

The 6(82(Qy)) level separator (k =1, 2 or 3)

Since

{a,b [1[1[1[1/k2/42]12]2]2] 2}={a<0[1[1[1/2/42]2]2]2> b}
={a«<Syp b}.

p1=1,cy =2, #, =#" =" (blank),

[Ara]l =[1[1[1/2/42]2] 2] (1-hyperseparator),

p2 =1, c, =2, #, =" (blank),

[A21]=[1[1/2142] 2] (2-hyperseparator),
pz =1, c3 =2, #3 =" (blank),

[Asa] =[1/2/42] (3-hyperseparator),
Pa=1,C4=2,#4="14 2,

[Ag1] = K (k-hyperseparator),

by Rule A5b (m =1),

Sl =D (Sg) b’,
t1=1,t,=0,t3=0,t, =0;

by Rule A5b (m = 2),

SZ =D (Sg) b’,
t1=2,t2=1,t3=0,t4=0;
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by Rule A5b (m = 3),
S;='b<Sp b,
t1=3,t,=2,t3=1,1,,=0;
and by Rule A5a (m =k, s = 4-t, = k; the k in the Ry, string is renamed j),
S4="Rp4,
Rna=Db R bls 2,
Rn,j =b (Rn,j+1) b’ (k =j<4;s0, Sk=Rpk),
Rl,k =0.
It follows that,
{a,b [L[1[1[1/2/42]2]2]2] 2}
={a<b bbb bb«...cbbcbcbbb/lr2bbbb/s2>b>...>b/;2> by by byb/42> by by by b}
(with 4b-4 pairs of angle brackets and b-1/4's, k = 1)
={adbdbbbbbc...<bbbbb/lr2bbb/s22b...5b/s2> bbb /42> b> by by b}
(with 3b-2 pairs of angle brackets and b-1/4's, k = 2)
={akddbdbbbc..<bcbcbb/p22brb/42>b>...>b/32>b>b/s2>b>b> by b}
(with 2b pairs of angle brackets and b-1/4’s, k = 3).

8(62(a, B)) = 6(a, B) and B1(62(a, B)) = B1(a, B) for all a = Qz, B < Q3 — the B and 6; functions have
been redefined to absorb the 8, function for values of a = Q3. With this redefinition, the second
arguments of 8 and 6, now have a limit value of Q3 for values of a = Q3. Continuing with the
separators,
[L[1[1[1/32/42]2]2] 2] has level 6(Q3),
[1[1[1[1/32/42]2]2] 3] has level 6(6:(Q3), 1) (as 61(Q3) = 61(62(Q3))),
[L[1[1[1/32/42]2]2]1/2] has level 8(0:(Q3)+1),
[L[2[1[1/32/42]2]2] 2] has level 6(8:(Q3)w),
[L[1/2[1[1/32/42]2]2] 2] has level 8(08:(Q3)Q),
[L[1~2[1[1/32/42]2]2]2] has level 8(g(0:1(Q3)+1)),
[L[1[1[2/2/42]2]12[1[1/32142]2]2]2] has level 8(8.(Q, 81(Q3)+1)),
[L[1[1[1~2/42]2]12[1[1/32142]2]2]2] has level B8(81(Q2, 61(Q3)+1)),
[L[1[1[1/32/42]2]3]2] has level 8(82(Qz), 1) = 6(01(02(Q3), 1))

(61(02(Q3), 1) is the limit of B61(a, 81(82(Q3))+1) as a — 0,(Q3)),
[L[1[1[1/32/42]2]1/2] 2] has level 8(62(Q3), Q),
[L[1[1[1/32/42]2]1~2]2] has level 8(0,(Q3)+1),

[L[1[2[1/32/42]2]2] 2] has level 6(8,(Q3)w),
[L[1[1/2[1/32/42]2]2] 2] has level 8(082(Q3)Q),
[L[1[1~2[1/32/42]2]2]2] has level 8(62(Q3)Q5),
[L[1[1/32[1/32142]2]2]2] has level 6(g(62(Q3)+1)),
[L[1[1[1/2/42]2[1/32142]2]2] 2] has level B8(02(Q, 62(Q3)+1)),
[L[1[1[1~2/42]12[1/32142]2]2]2] has level 8(02(Q2, 02(Q3)+1)),
[L[1[1[1/32/42]3]2] 2] haslevel 6(Qs, 1) = 6(8,(Q3, 1))

(02(Qaz, 1) is the limit of 8,(a, 02(Qz)+1) as a — Q3),
[L[1[1[1/32/42]2[1[1[2[1/32/42]2]2]2]2]2]2] has level 8(Qz, 6(Q3)),
[L[1[1[1/32/42]1172]2]2] has level 8(Q3, Q),
[L[1[1[1/32/42]1[1[1[1/32/42]2]2]2]2]2] has level 6(Q3, 61(Q3)),
[L[1[1[1/32/42]1~2]2]2] haslevel 6(Q3, Q)),
[L[1[1[1/32/42]1[1[1/32/42]2]2]2]2] has level 8(Q3, 82(Q3)),
[L[1[1[2/32/42]1/32]2]2] has level 8(Qz+1),

[L[1[1][2/32/42]2]2] 2] has level 8(Qsw),
[L[I[1[2[1[1[2[1/32/42]12]2]2]2/32142]2]2]2] has level 8(Q36(Q3)),
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[L[1[1[27/2/32142]2]2]2] has level 6(Q3Q),
[L[1[1[1[1[2[1/32/42]2]12]2/32142]2]2]2] has level B(Q301(Q3)),
[L[1[1[1~2/32142]2]2]2] has level 8(Q3Q,),
[L[2[1[2[1[1/32/42]2]12/32142]2]2]2] has level 8(Q362(Q3)),
[L[1[1[1/33/42]2]2]2] has level 8(Q3"2),

[L[1[1[1/:31/32/42]2]2] 2] has level 8(Q3"Q3),
[L[1[1[1[1/32142]12142]2]2] 2] has level 8(Q3"Q3"Q3),
[L[1[1[1[1/31/321/42]2/42]2]2]2] has level 8(Q3:"Q3"Q3"Q3),
[L[1[1[1[1[2/32142]21/42]2142]2]2]2] has level 8(Q3"Q3"Q3"0Q3"Q3).

[1[1[L1[L/43]2]2] 2] has level 8(g(Qs+1)) = B(03(1)),
[1[1[L[L/s3]3]2]2] has level 8(g(Qs+1), 1),
[L[1[1[1/s3]1/2]2]2] has level 8(g(Qs+1), Q),
[L[L[L[L/43]1~2]2]2] has level 8(g(Qs+1), Qy),
[1[1[L[L/43]1/52]2]2] has level B(e(Qa+1)+1),
[L[1[1[2/s3]2]12]2] has level 8(g(Qs*+1)w),
[L[L[L[L/2/s3]2]2]2] has level 8(g(Qa+1)Q),
[L[L[L[L~2/s3]2]2]2] has level 8(g(Qs+1)Qy),
[L[L[1[1/s2 /s 3]12]2]2] has level 8(g(Qs+1)Qy),
[L[L[L[L[L/43]2 /s 3]2]2]2] has level B(e(Qs+1)"2),
[1[1[L1[L/s4]2]2]2] has level 8(g(Qs+2)) = B(O3(1, 1)),
[L[L[1[1/s1/2]2]2]2] has level B(g(Qs+Q)) = B(83(1, Q)),
[L[L[L[L/s1~2]2]2]2] has level B(g(Qs+Qy)) = 68(8(1, Q2)),
[L[L[L[L/s1/52]2]2]2] has level B(e(Q32)) = 8(Ba(1, Q3)),
[L[1[1[1/s1/31/32]2]2]2] has level B(e(Qs"2)),

[L[L[L[L/a 1 [1/52/s2]2]2]2]2] has level B(e(Qs"Qy)),
[L[L[L[L /s 11 /s 3]12]2]2]2] has level B(e(e(Qs+1))),
[L[1[1[1/a1[1/a1[21/s3]2]12]2]2]2] has level 8(e(e(e(Qs+1)))),
[L[L[L[L/s1/s2]2]2]2] has level 8(Z(Qs+1)) = 8(83(2)),
[L[L[L[L/s1/s3]2]2] 2] has level B(Z(Qs+2)) = 8(83(2, 1)),
[L[1[1[1/a1/a1/32]2]2]2] haslevel 8(Z(Qs2)) = 08(03(2, Q3)),
[L[L[L[L/a1/a 11 /s 1/42]2]2]12]2] has level 8(Z(Z(Qa+1))),
[L[L[L[L1/s1/s1/s2]2]2]2] has level 8(85(3)) = 6(¢p(3, Qs+1)),
[L[L[1[1/a1/a1/s1142]2]2]2] has level 8(83(4)).

Separators containing the /5 symbol ([1 /5 2] ‘drops down’ to /) begin as follows:

[L[1[1[1[2/52]2]2] 2] 2] has level B(B3(w)),

[L[1[1[1[1[1/2]2/52]2]2]2]2] has level B(B3(cq)),

[L[1[1[2[1[2[21[1[21/43]12]2]2]2/52]2]2]2]2] haslevel 8(63(6(65(1)))),

[L[2A[A[2[1[A[1[A[1[1[2[1[2[1/43]2]12]12]12/52]2]2]2]2]2/52]2]2]2]2] has level
08(63(8(83(6(85(1)))))),

[L[1[1[1[1/2/52]2]2]2]2] has level 68(85(Q)),

[L[1[1[2[1[2[1[1/43]2]2]2/52]2]2]2]2] has level 8(63(81(63(1)))),

[L[I[1[2[1[2[2[1[2[2[1[2/,43]2]2]12/52]2]2]2]2/52]2]2]2]2] has level
08(63(61(63(61(63(1))))),

[L[1[1[2[1~2/52]2]2] 2] 2] has level 6(83(Q5)),

[L[1[1[2[1[2[1/,3]2]2/52]2]2]2]2] has level 8(03(62(83(1)))),

MAMRMAMRMAMANR[[MA1L3]22/52]2]2]2/52]2]2]2]2] has level 6(85(82(83(62(85(1)))))).

[L[1[1[1[1/32/52]2]2]2]2] has level 8(83(Q3)),
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[L[1[1[1[1[1/43]2/52]2]2]2]2] has level 8(03(65(1))),

[L[1[1[2[1[1[2[1/4312/52]2]2/52]2]2]2]2] has level 8(83(83(83(1)))),

[LI[1I[A[1[2[2[1[2[2/43]2/52]2]2/52]2]2/52]2]2]2]2] has level B8(83(63(03(03(1))))).
The separator sequence starting with the last three has limit ordinal 8(Q4) = 8(63(Q4)) = 8(I'(Q3+1)),
where Q4 denotes the fourth uncountable ordinal.

| have spotted a pattern in the development of the separators and their ordinal levels:
[1/2] haslevel g9 =6(1),
[1/3] haslevel €, =6(1, 1),
[1/1/2] has level {;=86(2),
[L[2/22] 2] has level ¢(w, 0) =6(w),
[1[1/2/,2] 2] has level I'o=86(Q),
[L[1/, 3] 2] has level B(eq+1) = 8(01(1)),
[L[1/21/;2]2] has level 8(Ca+1) = 6(01(2)),
[L[1[2/32] 2] 2] has level B(p(w, Q+1)) = 6(81(w)),
[L[1[1/22/32]2] 2] haslevel B(Iq+1) = 6(Qy),
[L[1[1/33]2]2] has level B(g(Qz+1)) = 8(62(1)),
[L[1[1/31/32]2]2] has level B(¢(Qy+1)) = 68(02(2)),
[1[1[1]21/42]2]2]2] has level B(p(w, Qx+1)) = 8(02(w)),
[L[1[1[2/32/42]2]2] 2] has level B(I'(Qx+1)) = 6(Q3),
[L[1[1[2/43]12]2]2] has level B(g(Q3+1)) = 8(83(1)),
[L[1[1]1/41/42]2]2]2] has level 8(((Qs+1)) = 6(83(2)),
[L[1[1[2[2/52]2]2] 2] 2] has level B(p(w, Qz+1)) = B(O3(w)).

Continuing this pattern, | would find that:
[L[1[1[2[1/42152]2] 2] 2] 2] has level B(I'(Q3+1)) = 6(Qy),
[L[1[1[21[1/53]2]2]2]2] has level B(g(Q4+1)) = 8(B4(1)),
[L[1[1[1[1/51/52]2]2]2]2] has level 8(¢(Q4+1)) = 6(04(2)),
[L[1[1[2[1[2/62]2]2] 2] 2] 2] has level B(p(w, Qs+1)) = B(B4(w)),
[L[1[1[2[1[1/52/62] 2] 2]2] 2] 2] has level B(I(Q4t+1)) = 8(Qs5),
[L[1[1[1[1[2/63]12]2]2]2]2] has level B8(g(Qs+1)) = 6(05(1)),
[L[1[1[2[1[1/61/62]2]2]2]2]2] has level B(¢(Qs+1)) = 6(85(2)),
[L[1[1[2[1[2[2/72]2]2]2]2]2]2] has level B(p(w, Qs+1)) = 6(B5(w)),
[L[1[1[2[1[1[1/62/72]2]12]2]2]2]2] haslevel B(I(Qs+1)) =6(Qe),
[L[1[1[2[1[1[1[1/72152]2]2]2]2]2]2]2] has level B(I'(Qs+1)) = 06(Q7),
[L[2[1[2[1[1[1[1[2/s2/92]2]2]2]2]2]2]2]2] has level B(I'(Q;+1)) = 6(Qs).

The sequence of separators starting with the last three has limit ordinal 8(Q,), where Q,, denotes the

limit of the nth uncountable ordinal (Q,) for finite n.

It can be seen that each additional nested layer of the separator (and increment of the forward slash
subscript) requires a new uncountable ordinal within the 8 function. Adding a generalised
n-hyperseparator slash subscript symbol (/,) somewhere in the separator array (or incrementing the
number to the right of /, by 1) often generates an nth uncountable ordinal (Q,) somewhere in the
associated ordinal expression, and these all combine together to produce Q. ordinals when we
move up to /41 Symbols.

As the ordinals get larger, we redefine the 0, 8,1, 0, ... , 8.1 functions to absorb the 8, function for

values of a = Q.1 by setting 8(8,(a, B)) = 8(a, B) and 6,(8x(a, B)) = Bk(a, B) for all a = Qpi1, B < Qi1
and k < n. This is to avoid writing ordinal expressions such as 8(81(82(63(84(65(Q5)))))). The second
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arguments of each of 8, 84, 6, ..., 6,1 have a limit value of Q.1 for values of a = Q,.;. The 8 function
may be regarded as a 6 function in this respect.

In general, with n pairs of square brackets (n = 3),
[L[1[..[2[2/,2]2]...12] 2] has level B(p(w, Qn.o+1)) = B(Bn.2(w)),
[L[A[..[2[2/2/h2]12]...]12] 2] has level 6(6,.2(Q)) (1<k<n),
[L[2[...[2[2/h12/,2]2]...12] 2] has level B(I'(Qn2+1)) =06(Qn.1),
[L[1[..[2[2/.3]2]...12] 2] has level B(e(Qn.1+1)) = 0(6n.1(1)),
[L[A[..[2[2/n1/n2]2]...12] 2] has level B({(Qn-1*+1)) = 8(Bn-1(2)).

With k+1 pairs of square brackets, the 8(Qy) level separator

{fa,b [T[A[...[1[1/k2/k12]12]...12]2] 2} ={@aO[1[..[1T[1/k2/+12]2]...12] 2> b}

={a «Sp b}.

Since pj=1, ¢ =2, #=#" =" (blank),

[Aad=[1[1]..[1[1/k2/12]2]..]2] 2]

(j-hyperseparator, with k-j+1 pairs of square brackets),

for1<j<k, and

Pr+1 = 1, Che1 = 2, Hrr = a1 2,

[Ak1,1] = K (k-hyperseparator),
by the jth of k applications of Rule A5b (m =j, 1 <j <Kk),

Sj='b «Spp b,

ty = j! th= j-l, t3 :j-21 . tj =1, tj+1 = tj+2 =..=tw1 =0

(t-counters finishon t; =k, t, = k-1, t3 = k-2, ..., ty = 1, txs1 = 0),
and by Rule A5a (m =k, s = k; the k in the R, x string is also k),

Si+1 = ‘Rt
Rnk+1 = b Rngo bl 2,

Rnk = b Rpysp b’ (s0, Sk = Rpk)
='b<b Rp1 bl 22 b,
Rl,k =0.

It follows that,
{fa,b [L[2[...[2[1/k2/hk12]2]...]12]2] 2} ={a<b<b<...<b<S>b>...> b> b b}
(with k pairs of angle brackets),
where S=bdhdbdbc..bbbbiki22bbli2b ...>bli12byblis 20 b
(with 2b-3 pairs of angle brackets and b-1 /y.1’s).

The revised array notation, with modifications made to Angle Bracket Rule A5, backslashes turned
into forward slashes and mixing of higher order hyperseparators of various levels on the same square
bracket layer permitted (but otherwise similar to the Nested Hyper-Nested Array Notation in Beyond
Bird’s Nested Arrays Ill), is called the Hierarchical Hyper-Nested Array Notation. The various levels of
the hyperseparators are arranged in a strict hierarchy — not only does an (n+1)-hyperseparator
outrank any n-hyperseparator but (n+1)-hyperseparators are only used when n-hyperseparators have
been completely exhausted. While the hyperseparators in the previous paper were really all of the
same level, with the backslash subscript \, symbol simply representing the nth nested layer in the
hyper-nested notation (in order to make it easier for readers to follow), the revised forward slash
subscript /, symbol in this document represents any nested layer in the n-hyper-nested notation (or
hyper-nested hyper-nested ... hyper-nested (n times) notation), so rather than christen it the
n-Hyper-Nested Array Notation or w-Hyper-Nested Array Notation, the name Hierarchical
Hyper-Nested Array Notation is better as there is a hierarchy of sub-¢q level nested arrays, nested
hyper-nested arrays, nested 2-hyper-nested arrays, nested 3-hyper-nested arrays, and so on.
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| need not reproduce the Main Rules (M1-M7) here (when no angle brackets < > appear in the main
array), as these have remained completely unchanged from the Nested Array Notation (the Main
Rules are on the first two pages of that paper). This is because the M rules only deal with the lowest
layer of an entire curly bracket array, containing only entries separated by normal separators. Apart
from Rule A5 and the direction of the slash symbols, none of the other Angle Bracket Rules have
changed either, however, it is worth reproducing the revised complete Angle Bracket Rules, which are
shown below.

Bird’s Hierarchical Hyper-Nested Array Notation — Angle Bracket Rules

Rule Al (only 1 entry of either 0 or 1):
‘ad b =a,
ahb b =‘aa,..,a (withba’s).

Rule A2 (only 1 entry of either O or 1 prior to 2-hyperseparator or higher order hyperseparator):
‘add#H b ="a,
adHdb="all#la[l#..[1H#a (with b a’s),

where # begins with a 2- or higher order hyperseparator.

Whenn = 2,
‘ad/ly2b=alpialyl .. lha@ (with b a’s).

Rule A3 (last entry in any 1-space or higher dimensional space of array is 1):
a#[Al]bb ="adhb.
When [A] is an m-hyperseparator, [B] is an n-hyperseparator and m < n, or m = n and level of [A] is
less than level of [B],
‘ad [Al1[B]#5 b ="a«#[B] #9 b
Remove trailing 1’s.

Rule A4 (number to right of angle brackets is 1):
‘add 1"="a.

Rule A5 (Rules A1-4 do not apply, first entry is 0, separator immediately prior to next non-1 entry (c;)
is [Arp)):

‘@0 AL 1[AL2] ... L[Arp] Ca#i# > D =aS #5 Db,
where p; 2 1, each of [A1] is either a normal separator or 1-hyperseparator, #; contains no 2- or
higher order hyperseparators in its base layer and #* is either an empty string or begins with a 2- or
higher order hyperseparator.
Setitolandty,ty, ..., t, to O (where x is the highest subscript to a forward slash within [A; ,,]), and
follow Rules A5a-c (a and c are terminal, b is not). (Note that i = t;+1 throughout.)

Rule A5a (separator [Aip] = [1 /m+1 2] = /m, Wwhere m 2 1):
S = i-ty,
Si = ‘Rb,i’-
Forn>1ands<k<i,
Rni = ‘b <Ai1» b[Ai1] b Aio» b [Aig] ... b Aip1» b [Aipa]l b (Rnae b Im -1 #,
Rn,k =D (Akyll) b [Ak,l] b (Ak’2’> b [Ak,Z] ...b (Ak'pk_f) b [Ak,pk—l] b (Rn,k+1> b [Ak,pk] Ck-l #k’:
Rl,s =0.
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Rule A5b (Rule A5a does not apply, separator [Ai ] = [1 [Ais1,1] 1 [Ais1,2] ..o 1 [Ais,pia] Civa #ival,
which is an m-hyperseparator, where pi;1 =2 1, ciyy 22 and m = 1):

Si=‘b«Ai1» b[A] b Ai>bI[A2] ... b Ay b [Aip.a] b «Sivp b [Ap] Ci-1 #.
Incrementi, ty, to, ..., ty by 1; reset tysq, tme2, ... , tx t0 O and repeat Rules A5a-c. (i = t;+1.)

Rule A5c (Rules A5a-b do not apply):
Si =D (Aiyly) b [Ai,l] b (Ai,Z’) b [Ai,z] ...b (Ai,p") b [Ai,pi] Ci-l #i’-

Rule A6 (Rules A1-5 do not apply):
anmbb=an-1Hbn#lam-1Hbn# .. [n#amn-1Hb
(with b ‘a «<n-1 # b’ strings).

Notes:
1. A/ B A A, ..., Ap are strings of characters within separators.
2. A A2, ..., Ay are strings of characters within angle brackets that are identical to the strings

Ai1 Ao, ..., Aip respectively except that the first entries of each have been reduced by 1. If A;;
(for some 1 < j < p;) begins with 1, A;j’ begins with 0.

3. Sjand Ry are string building functions which create strings of characters. The R functions involve
nesting the same string of characters around itself n-1 times before being replaced by the string
‘0.

4. #, #* and #; are strings of characters representing the remainder of the array (can be null or
empty).

5. A/, symbol is an n-hyperseparator, /,, enclosed by m pairs of square brackets (with no /x symbols
enclosed by fewer than k+m-n pairs of square brackets, for any k) is an (n-m)-hyperseparator
(when n > m) and a normal separator (or 0-hyperseparator) otherwise. A separator containing no
slashes whatsoever is a hormal separator.

6. The comma is used as shorthand for the [1] separator.

7. I,is used as shorthand for the [1 /,+1 2] separator.

My Hierarchical Hyper-Nested Array Notation has a limit ordinal not of 8(gq+2), not of 8(q+1), not of
B(p(w, Q+1)), not of B(B8:(Q)), not even of B8(Q,) or B(e(Q,+1)) — but of 8(Qy,), the proof theoretic
ordinal of the subsystem I'Ill—CAo of second-order arithmetic! It has not only gone so vastly beyond
the Bachmann-Howard ordinal of the previous notation, it has achieved it with a simplified Angle
Bracket Rule A5 (with only three subrules instead of five). The main key to this has been the battery of
t-counters when Rule A5b is repeatedly applied, tallying the various consecutive levels (or above) of
the [Aip] hyperseparators; when this is finished by Rule A5a ([A; 5] = /m), & gigantic
(m-1)-hyperseparator nesting operation begins for the topmost layers of the [A; ;] separators, the
number of topmost layers being determined by the t-counter corresponding to the mth level of
hyperseparators (t,+1). An increase in the first t-counter (t;) from 0 to 1 gets us beyond Iy = 6(Q),
another increment of t; to 2 takes us past 8(Q*Q*Q), and t; = 3 is needed to exceed 6(Q*"Q*"Q Q1 Q).
An increase in the second t-counter (t) from 0 to 1 brings us further than 8(Q,), another increment of
t, to 2 achieves 8(Q,"Q,"Q5), and so on. In general, t, = k is required to go beyond 6(Q,"(2k-1)).

This notation works for simple nested arrays up to gq level without requiring Rules A2, A5a and A5b.
Rule A5a is required to reach ¢, (represented by the [1 / 2] separator), Rule A2 is needed to achieve
@(w, 0) (or use the [1[2/, 2] 2] separator) and Rule A5b is required to get to 'y (or process
[1[1/2/,2] 2] or beyond).

An m-hyperseparator (m = 1) is either the /, symbol or a separator of the form
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[n1 [Xa] n2 [X2] ... [Xid Niea],
where k 2 1, at least one of the [Xj] is an (m+1)-hyperseparator (with the /r,+1 symbol used in place of
[1 /m+2 2]) and none of the [Xj] is an (m+2)- or higher order hyperseparator. In Rule A3, the levels of
two n-hyperseparators [A] and [B] are determined by the highest ranking (n+1)-hyperseparator within
their ‘base layers’, then the numbers of them when they are identical. When the numbers are equal,
this is repeated for the subarrays of [A] and [B] to the right of the rightmost highest ranking
(n+1)-hyperseparator. When the highest ranking (n+1)-hyperseparators and their numbers within the
subarrays are identical, this is repeated again for the subarrays within the subarrays, until no more
(n+1)-hyperseparators remain, in which case the two subarrays become (n-1)-hyperseparators and
the entire process is repeated for them as two (n-1)-hyperseparators [A] and [B]. If no more 2- or
higher order hyperseparators remain, the ordinal levels of the two subarrays (normal separators when
placed within square brackets) are then considered (see page 22 of Beyond Bird’s Nested Arrays | for
details on how the levels of two normal separators are determined). If the ordinal levels are the same,
the string of characters from the final 2- or higher hyperseparator onwards from each of [A] and [B]
are deleted, and the entire process is repeated for the truncated [A] and [B], until these become
normal separators (in which case their ordinal levels are taken into account). When we get a lower
level or number for [A] than for [B] on some measure, then the original [A] ranks lower than the
original [B] and the ‘[A] 1" string is deleted. (The levels of (n+1)-hyperseparators are first determined
by the highest ranking (n+2)-hyperseparator within their ‘base layers’, and so on.)

In Rule A5a, where | have written “separator [A; 5] = [1 /m+1 2] = /m, where m 2 17, the /,, has been
written as a shorthand for [1 /m+1 2]. | have included the [1 /.1 2] Since Ay, is a string within square
brackets, beginning with a number. There may exist [A;j] = [1 /m+1 2] for some j < p;, in which case we
need to find ‘b <A;;»> b’, which would be ‘b <0 /n+1 2> b’ =D’ (as m+1 2 2). Some form of shorthand is
necessary since there are an infinite number of ways of writing /,, namely

[1/12] [1[1/0422]2] [1[1[1/0452]2] 2], ...

The following function grows so astonishing fast that its growth rate is of the magnitude of the 6(Q)
ordinal:
un)={3,n [1[1[...[2[1/,1/,2]2]...]12]2] 2} (with n layers of square brackets).

The first four values of the U function are as follows:

u(l) =3,

U2 =1{3,2[1[1/,1/,2]2] 2}
={3«0[1/,1/;,2]2> 2}
={32<2/,2>2 2}
={3«2/2[2/,2]2]2) 2},

URB)={3,3 [1[1[1/31/32]2]2] 2}
={3<«0[1[1/31/32]2]2 3}
={3«3@3@3/33¢3/333 3 3 3},

U4)={3,4 [1[1[1[1/41/42]12]2]2] 2}
={3<«0[1[1[1/41/42]2]2] 24}
={83d4dhbl441,441,44 444 4 4}

While the rate of growth of Friedman’s TREE sequence (finite form of Kruskal’s Tree Theorem) is only
just beyond the level of the small Veblen ordinal (8(Q”*w)), and TREE(3) is greater than

{3,6,3 [1[1/1,2/,2]2] 2}
in my Hierarchical Hyper-Nested Array Notation, there are a few functions that grow as rapidly as the
U function, which is at the 8(Q,,) level in the fast-growing hierarchy. These include the Extended
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Kruskal Theorem (Kruskal's Tree Theorem extended to labelled trees, which have vertices labelled
from 1 to n), the Graph Minor Theorem (or Subcubic Graph Numbers) and Buchholz Hydras (with w
labels removed).

Imagine how huge this number must be:
U(U(U(...U(3)..))) (with U(3) U’s).
It surely must be scraping infinity!

Author: Chris Bird (Gloucestershire, England, UK)
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